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SUMMARY 

THE STRAIN required to initiate ductile failure in three low-alloy, quenched and tempered steels has 
been determined in multi-axial stress-states. The ductility was found to depend markedly both on the 
orientation of the stress system with respect to the rolling direction and on the tri-axiality of the 
stress-state. In some cases, ductile failure occurred at plastic strains which were only a few times the 
yield strain. 

Metallographic studies have been used to compare the size, shape and orientation of the holes 
which cause failure initiation with the isotropic continuum analysis of F. A. MCCLINTOCK (1968). 
The application of ductile-fracture models to directional steels is discussed with particular reference 
to the effects of directionality and stress-state on the condition for flow localization to occur between 
holes. 

NOTATION 

a effective stress 

al, c2, a3 principal stresses 
de:, de;, de,” principal plastic strain increments 
de?’ increment of effective plastic strain 

0, mean stress 
R profile radius of notched tensile-specimen 

: 
radial co-ordinate 
radius of the minimum cross-section of a notched tensile-specimen 

4 initial value of d 
ST. 
L.T. 
P 

6 
Be 
a, 
2’ 

1, 

lb 

short transverse direction with respect to the rolling direction 
long transverse direction with respect to the rolling direction 
effective plastic strain 
radial stress 
hoop stress 
axial stress 
effective plastic strain to initiate failure 
current dimension of a unit cell surrounding a void in the direction of 
the hole major axis 
current dimension of a unit cell surrounding a void in the direction of 
the hole minor axis 
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initial value of i, 
initial value of lb 
semi major axis of elliptical hole 
semi minor axis of elliptical hole 
hole-growth factor in the direction of the hole major axis 
hole-growth factor in the direction of the hole minor axis 
value of F, at hole coalescence in the a-direction 
value of Fb at hole coalescence in the b-direction 
hardening exponent in the Ludwig stress-strain relation 
normalizing stress in the Ludwig stress-strain relation 
constant 
effective plastic strain to nucleate a void 
increment of dilatational strain 
radial strain 
hoop strain 
initial volume fraction of voids 
load for homogeneous deformation 
yield stress in uni-axial tension 
load for localized flow 
inclusion colony spacing in the short transverse direction 
inclusion colony spacing in the rolling direction 
thickness of a shear band 
shear stress 
eccentricity of elliptical hole 
mean radius of elliptical hole 
constant 
orthogonal rectangular Cartesian axes 
angle between a,-direction and the x-axis 
angle between semi major axis of the ellipse and the x-axis 
time 
viscosity 

1. INTR~DuOT~ON 

THE ABILITY of metals to flow plastically is an important property in their use as 
structural materials. Despite the fact that many structures are designed on an elastic 
basis, the presence of stress concentrators inevitably causes yielding. Yield and sub- 
sequent plastic flow may limit the high stresses that would otherwise be produced, 
but they replace what would have been a stress concentration by a strain concentration. 
In such situations, it is essential to ensure that the material has sufficient ductility to 
prevent failure in a ductile mode. However, the stress systems involved are rarely 
simple, and, in order to design and use materials effectiveIy in these conditions, it is 
necessary to be able to test and understand their behaviour in complex stress-states. 

This investigation has largely been concerned with the effect of stress-state on the 
effective plastic strain required to initiate ductile failure in a range of materials 
including three low-alloy, quenched and tempered steels. Metallographic studies of 
the events leading to failure initiation have been concentrated on one of these steels, 
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designated Ql, although comparison with the ductile-failure mechanisms of other 
materials has also been made in order to facilitate a discussion of the observed stress- 
state dependence. 

The strain to initiate failure as a function of stress-state is of course directly useful 
in a comparison of the properties of possible materials for a given application. 
However, MACKENZIE, HANCOCK and BROWN (1976) have also applied the data to the 
prediction of ductile-failure initiation in the plastic-strain field ahead of cracks and 
notches. In such situations, it is generally accepted (MCCLINTOCK, 1956, and RITCHIE, 
KNOTT and RICE, 1973) that it is not sufficient for a failure stress and/or strain to 
be reached at a single point, but that the failure criterion must involve a certain 
minimum amount of material which is characteristic of the scale of physical events 
leading to local failure. Estimates of the nature and the scale of these events form a 
significant part of the work reported here. 

2. PLASTIC FLOW AND THE STRESS-STATE 

In metals, plastic flow is induced by shear stresses, which cause dislocation move- 
ment, and which may be measured by an effective stress 8 which is proportional to the 
root mean-square of the principal shear stresses, viz. 

8 = [){(a, -O# + (02 -63)2 +(a3 - “#}]+. (1) 

The extent of plastic flow is usually expressed by an analogous quantity, the effective 
plastic strain increment dZp which is proportional to the root mean-square of the 
principal plastic shear strain increments, viz. 

dZP = [~{(da~-dZ,p)2+(d+-dZ~)2+(dZ~-ddij~)2)]~, (2) 

the effective stress and plastic strain being connected by a stress-strain relation (such 
as the Ludwik relation (11)). Both Zp and 5 are unaffected by a third important 
parameter, the mean stress 

0, = $(a, + 02 + 4 (3) 

which may, however, be combined with E into a single non-dimensional parameter 
CJ,/~ which characterizes a stress-state and is a measure of its ‘tri-axiality’. These are 
the parameters which largely feature in the subsequent discussion here of ductile 
failure. 

3. EXPERIMENTAL PROGRAMME 

3.1 Mechanical testing 

In order to vary a,,,/0 experimentally, tests were carried out on circumferentially- 
notched tensile specimens. To obtain the values of Zp and cm/5 where failure occurs, 
the results of BRIDGMAN’S (1952) analysis have been used. This analysis was originally 
performed for a necked tensile-specimen but it may be applied as an approximation 
to the pre-notched specimens after fully-plastic conditions have been reached. (A 
discussion of the applicability of BRIDGMAN’S (1952) analysis to pre-notched specimens 
has been given by EARL and BROWN (1976).) The main features of the analysis are 
that ZP is constant across the mean cross-section, but the radial, hoop and axial 



150 J. W. HANCOCK and A. C. MACKENZIE 

FIG. 1. The stress distribution in a pre-notched tensile specimen 
(after BRIDGMAN (1952)). 

stresses (o,, co, and crzr respectively) vary across the section as shown in Fig. 1. The 
value of a,,,/5 rises from + at the surface to a maximum value on the axis of the 
specimen, that is 

(a,/$,,, = 3 + In (d/2R -t l), (4) 

where R is the profile radius of the circumferential notch and d is the radius of the 
minimum cross-section (see Fig. 2). Thus, the stress-state is defined by the geometry 
of the specimen, and the effective plastic strain is 

Ep = 2 In (d,/d), (5) 

where do is the initial value of d. The dimensions of the specimen used in the present 
work are given in Fig. 2, the different notch-geometries being labelled A to E. 

SCREWED ENDS 

FIG. 2. The geometry and dimensions of the notched tensile-specimens. 
(All specimen dimensions in mm.) 
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FIG. 3. The orientation of the notch tensile-specimens taken from the rolled plate. 

T TRANSVERSE 

SHORT TRANSVERSE 
SPECIMEN 

(ST> 

Specimens were machined from both the long transverse and short transverse 
directions in rolled steel plate as shown in Fig. 3. The tests were carried out in an 
Instron 250 kN servo-hydraulic testing machine using a strain-gauge extensometer to 
monitor continuous changes in the minimum diameter of the notch, and a second 
transducer mounted across the notch to control the axial displacement rate. 

Figure 4 shows the results of a series of notched tensile-tests with different notch- 
geometries in which the average axial stress (the load divided by the instantaneous 
cross-sectional area, measured externally) is plotted against Zp calculated from (5). 
After the initial elastic response, the average stress rises as the material strain-hardens 
and then drops sharply. The high mean-stresses usually associated with the notches 
are reflected in the high average axial-stresses for a given strain compared with those 

0 TEST STOPPED 
X FINAL FfWTURE 

0 
0.1 02 0.3 0.4 0.5 0.6 

2 tn Cd/d) 

FIG. 4. The average axial stress plotted against 2 In (d&f) for the notch tests 
of HY130 (S.T.). 



152 J. W. HANCOCK and A. C. MACKENZIE 

for the unnotched specimen. The strain 2’ at which the average stress drops is here 
defined as the strain at failure initiation; the physical significance of this event is 
discussed later. However, it should be noted that Gf and the total ductility of the 
specimens decrease markedly as the tri-axiality increases. 

Three rolled, low alloy, quenched and tempered steels containing approximately 
4% Ni and 1% Cr have been used in the present work. The specifications of two of the 
materials, designated Ql and HY130, are given in Tables 1 and 2. The third steel, 
designated ESR, is an electroslag re-melted version of HY 130 which was heat-treated 
to the HY130 specification. Both the HY 130 and the ESR steels were treated with 
Hypercal as an inclusion-shape modifier. 

TABLE 1. ~~~l~~~ifio~ of Q 1 

Specification of Ql (% wt. * maximum value) 
.-. ____ _______.___ __--__----.-. _--__ 

c Mn Si s P 
0.18* 0.1-0~4 O*15-0~35 0.015* 0.015* 

Ni Cr Mo V Ti 
2.25-3.25 1 G-1 -8 0.2-0.5 o-02* 0.02 

co CU 
o-03* 0.20 

TABLE 2. Composition of HY 130 

Specification of HYl30 f% wt. * maximum value) 
_ ..__ _-___ ..-- -. ~- _~ __,-__-~~-~ 

C Si Mn P s 
0.12’ 0.20435 0~5-0~9 0.01* 0.01.5* 

Ni Cr MO V Ti 
4.75-5.25 0.4-0.7 0.30-O-65 o-05-0‘10 0.02* 

CU 

0.25 

Electron-probe micro-analysis of Q 1 showed inclusions based on Si, Al, and MnS. 
However, in the HY130 and ESR steels, most inclusions appeared to be rare-earth 
sulphides (probably Ce as shown by Edax analysis). 

In both Ql and HY130 steels, the inclusions were often found in plate-like colonies 
in the rolling plane with Dimensions in the rolling and long transverse directions 
approximately equal. Most of the colonies, (such as the one shown in Fig. 5), have 
major diameters between S-20 Urn but some were as large as 100 Urn. In addition, there 
was extensive segregation of the alloying elements into bands, parallel to the rolling 
direction. Unlike the conventionally prepared Ql and HY 130 alloys, the comparable 
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alloy made by electroslag re-melting did not show marked segregation, nor were there 
stringers of inclusions present, although the total volume fraction of inclusions 
appeared to be comparable with the other two steels. 

3.3 Metalography 

To study metallographic features associated with failure initiation, tests were 
stopped after different plastic strains, and specimens, sectioned longitudinally near 
the centre plane, were examined unetched. A further 50-100 pm thickness was then 
removed by carefully repeating the final stages of polishing, and the specimen re- 
examined. This procedure was repeated until at least four sections had been examined 
in each specimen. 

In specimens examined after the drop in average stress, there was a large central 
crack as shown in Fig. 6 and a loss in load-bearing cross-section: in specimens examined 
before a drop in average stress, there were discrete holes. Ql specimens examined 
close to the drop in average stress showed that holes had joined up over a length 
scale of approximately 200 urn. The linking-up of the larger holes and the subsequent 
sudden loss in load-bearing cross-section is considered to be a distinct event in the 
failure process which we have termed failure initiation. 

The mechanisms of failure initiation for specimens tested with the major principal 
stress in either the short or long transverse direction are different, as shown in Figs. 
7 and 8. In the case of Ql, tested in the short transverse direction, the event was 
identified as micro-cracking between large elliptical holes; whereas in the long 
transverse direction, the tendency was for groups of larger holes to grow to almost 
complete coalescense. In HYl30, in the short transverse direction, failure initiation 
was associated with micro-cracking between inclusion colonies as shown in Fig. 9. 
The overall fracture surface which resulted from final failure of HY130 in the short 
transverse direction is shown in Fig. IO(a); Fig. 10(b) shows the hole growth within 
an inclusion colony; and Fig. IO(c) shows the linking micro-cracked region which 
consists of finer-scale hole growth. In the long transverse direction, there was very 
much more extensive growth of the large holes; and the ESR steel showed similar 
hole-growth in both the short and long transverse directions. 

Sectioning specimens of all the steels at strains well before failure initiation showed 
that the holes nucleated at inclusions by one of three mechanisms: (i) fracture of the 
particle-matrix interface, (ii) failure of the particle, or (iii) micro-cracking of the matrix 
surrounding the inclusion. In all cases, some holes started to form from the larger 
inclusions at very small strains and continued to form during the subsequent 
deformation. 

In Ql, tested in the short transverse direction, holes were found in A-notch 
specimens at a strain of 0.05. At this strain, holes varying between 10 and 100 nm in 
diameter were observed right across the minimum diameter but with the largest holes 
near the centre of the specimen. The largest holes formed by rapid hole-growth and 
coalescence within inclusion colonies, and often had highly eccentric, elliptical cross- 
sections with the major axis of the ellipse normal to the specimen axis. 

After strains of 0.10 to 0.15 the holes were larger and less eccentric (as shown in 
Fig. II), although both the lateral and axial dimensions of the holes had increased 
significantly. The growth of these large individual holes finally culminated in failure 
initiation at a strain eP = O-20, as shown in Fig. 7. 
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A similar, although less comprehensive, study was performed on long transverse 
specimens of Ql, and hole nucleation was again observed to start after very small 
strains. Holes with eccentric, elliptical cross-sections were observed, but they differed 
from those observed in the short transverse direction in having their major axes in 
line with the specimen axis. Failure initiation finally occurred by hole coalescence as 

shown in Fig. 8. 

4. DISCUSSION 

4.1 Hole nucleation 

The metallographic evidence suggests that, in these relatively high-strength steels, 
holes nucleate from large inclusions and inclusion colonies at very low strains. The 
simplest criterion for nucleation is that a critical radial stress is reached at the particle- 
matrix interface leading to decohesion. This stress would be reached at a lower strain 
in a steel having a high yield-stress than in one having a low yield-stress, and an 
increase in the tri-axiality of the stress-state might be expected to have a similar effect. 
A common mode of initiating holes, however, seems to be failure of the matrix 
surrounding the inclusion, and this is particularly the case when inclusions are close 
together, as in an inclusion colony. ORR and BROWN (1974) have studied the problem 
of a circular cylindrical inclusion in an elastic-plastic matrix in plane strain; and they 
have found that, in regions up to several diameters from the inclusion, both eP and 
a,/5 are considerably higher than in the remote matrix, as shown in Fig. 12. In such 
regions, the microscopic carbides, which precipitation-harden the matrix, are subject 
to more severe stress-states and higher strains than the large inclusion, and voids may 
form on these precipitates and coalesce to form micro-cracks. However, as the 

15 

Local Growth-Rate 

Growth-Rateat Infinity 

FIG. 12. Hole-growth amplification near a rigid inclusion. 
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formation of holes starts at very small strains, the dominant event leading to failure 
initiation in the high-strength steels is hole growth. 

4.2 Hole growth 

Considerable progress in the understanding of hole growth has been made through 
the theoretical models studied by BERG (1962), MCCLINTOCK (1968), and RICE and 
TRACEY (1969). MCCLINTOCK’S (1968) model consists of a plastically-deforming matrix 
containing a regular array of pre-existing cylindrical holes of elliptical cross-section, 
each of which may be envisaged as sitting inside an identical cell as shown in Fig. 13. 

-I- 
% 1 - a 0 

0 

b 0 

0 

“b 

FIG. 13. MCCLINTOCK’S (1968) fracture model. 

The matrix deforms in generalized plane strain such that the strain parallel to the 
cylinder axis is uniform but non-zero. The dimensions of the cell, Z,, and Zb, correspond 
to the hole spacings in these directions, and a and b are the corresponding semi-axes 
of the holes. Here, we have taken a to be the larger semi-axis and I,, to be the corres- 
ponding hole spacing. Following MCCLINTOCK’S (1968) notation, introduce the two 
hole-growth factors F, and Fb, 

F= = (a/~J(ad~)~ 

F, = (blMad~i% 

where the subscript ‘0’ indicates an initial value. 

(6) 

(7) 

In MCCLINTOCK’S (1968) model, 
failure occurs when there is a complete loss of cross-section, i.e. when a = SI,, or 
b = +I,, and 

or 
F, = Fi = -)(1:/a,) (8) 

F,, = Ffb = #‘lb,). (9) 
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The equivalent plastic strain at failure by coalescence in the u-direction is given by 

where B, and o, are the principal stresses in the remote matrix in the directions of the 
axes of the holes, and n is the strain-hardening exponent in the Ludwig power-law 

relation 

a = a&?)“. (11) 

MCCLINTOCK (1968) neglected hole nucleation and identified the original hole- 

size with the inclusion size through the term (1,/2b,). However, in both Ql and HY 130 
this term is not men approximately constant in a given plane. For example, for HY 130 

in the rolling plane, (1,,/26,) varies from 2 or less within an inclusion colony to a value 
of 10 or 20 between colonies, but the model does predict that holes within colonies 
will coalesce at very low strains. Instead of identifying the original hole size with the 
size of a single inclusion, we have identified it with the size of a large inclusion colony, 
100 pm x 10 pm. The shape and size of one of these large holes at the failure initiation 
strain has then been calculated (using the Berg-McClintock method) for an A-notch 
specimen tested in the short and long transverse directions, and the results are given 
in Fig. 14. Dimensions have been introduced to facilitate direct comparison with the 

1OOpm 

EL=0 
92pm 

,5’=@2 

FIG. 14. Calculated hole shapes at failure initiation in Ql taking the original hole size 
as that corresponding to an inclusion colony 100 pm \I’ 10 pm. 



Mechanisms of ductile failure 157 

corresponding micrographs in Figs. 7 and 8, and the agreement between the calculated 
and the observed hole shapes and sizes is good enough to confirm the appropriateness 
of taking the original hole size as that of an inclusion colony rather than a single 
inclusion. 

With the assumption that the original inclusion and hole is elliptical in cross- 
section, it is possible to calculate the growth factors F, and Fb for the central region of 
all the notches at the failure initiation strains. Results for an ellipse having an initial 
(major axis)/(minor axis) ratio of IO:1 are given in Table 3, and the essential steps in 

TABLE 3. Hole-growth factors at failure initiation 

Material Notch Ef 
Transverse Axial 

%lfl growth growth FaFb (F,F,)* 
factor F, factor Fb 

Uni-axial 1.05 0.33 11.7 1.40 16.38 4.05 
Q1 E 0.63 1.26 6.23 1.37 8.54 2.92 
L.T. A 0.37 1.41 5.00 1.30 6.49 2.55 

C 0.23 1.69 5.49 1.33 7.30 2.70 
D 0.17 1.99 5.70 1.44 8.21 2.86 

factor Fb factor F, 

Uni-axial O-65 0.33 1.07 8.23 7.69 2.77 
Ql A 0.37 1.41 1.02 5.61 5.72 2.39 
S.T. C 0.12 1.69 1.02 5.20 5.3 2.30 

D 0.11 1.99 1.07 6.80 7.28 2.70 

the calculation are given in the Appendix. The lateral growth factor in Table 3 refers 
to growth perpendicular to the specimen axis. In order to calculate growth factors in 
unnotched tensile specimens, account has been taken of changes in specimen geometry 
as necking proceeds, and the consequent change in stress-state at the centre of the 
neck. Geometry changes have, however, been ignored in the pre-notched specimens. 

The lateral growth factors for failure initiation in the long transverse specimens are 
similar for all notches, and the average value is about 6. Thus, equations (8) and (9) 
would require the initial (hole spacing)/(radius) ratio (1,0/&J in a plane normal to the 
specimen axis to be about 12 for complete loss of cross-section to occur by hole 
coalescence in that plane. In the short transverse specimens, the lateral growth factors 
are again similar for all notches but the average value is only about 1.03, For hole 
coalescence in a plane normal to the specimen axis, the ratio (2:/a,) would have had 
to be about 2.1, requiring the holes in that plane to have been almost touching initially, 
and this is not in accord with the experimental observations. In addition, the simple 
coalescence model would seem to predict coalescence in the axial direction where the 
growth factors were comparable to those in the lateral direction in the long transverse 
specimens. 

The photomicrographs of Figs. 7 and 8, which show the failure initiation event, 
indicate that uniform hole coalescence as originally envisaged does not occur, but that 
micro-cracking or some type of local flow instability occurs between the holes. The 
fact that the large holes do not grow homogeneously to touch one another at failure 

I1 
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initiation is in line with MCCLINTOCK’S (1968) own observation that his model over- 
estimates the ductility for a wide range of materials. If homogeneous hole growth is 
terminated by flow localization occurring at a critical hole spacing, then the discrepancy 
between the calculated and observed ductilities is reduced, and the stress-state 
dependence, as tested by the growth factors calculated for the range of notches, 
remains in accord with the experimental data. However, examination of photo- 
micrographs (such as Fig. 7) also illustrates that, for real materials, hole coalescence 
does not occur in a single well-defined mode or on a single plane, in which case a 
growth factor averaged for all orientations seems more appropriate. In this context, it 
is interesting to note that the product of the growth factors, F,F,, which is also listed 
in Table 3 and represents the volume fraction of holes at failure initiation normalized 
with respect to the original volume fraction of holes, is quite similar for all the speci- 
mens, although the average value for tests in the short transverse direction is some- 
what smaller than for tests in the long transverse direction. (F,F,,)* is then also similar 
for all the notches and for both specimen orientations and represents an average 
growth-factor. Tf, then, failure initiates by Aow localization at a constant volume 
fraction of holes, or after a critical dilation strain, or when a critical average growth 
factor (F,Fb)* is reached, (all of which are equivalent), it seem5 natural to take 
c,,,/O as the parameter to decide the stress-state rather than ((T, + ~,,)/g in (I 0). 

Pursuing the idea that the conditions for failure initiation may be expressed in 
terms of global parameters, such as critical volume-fraction of holes and ~.,,,/c, the 
results of RICE and TRACEY (1969) may be used to obtain an approximate failure 
criterion. Their analysis of the growth of an initially spherical hole in a rigid/non- 
hardening matrix gave the rate-of-change of the mean hole radius R with plastic strain 
at high values of ~,/a as 

dR/R = 0.28 di?‘exp(3a,/2~). (12) 

If it is assumed that the failure strain is inversely proportional to hole growth-rate. 
then the failure strain can be expressed as 

Pr = r exp (-3a,/2$, (13) 

where CI is a material constant. 
This expression is similar to MCCLINTOCK’S (1968) criterion (10) with cr,,, taken 

instead of (cr, + cb). For the materials tested here, and for the more severe stress-states, 
the second term in the denominator of (10) is small compared to the first, and the 
sinh function approximates well to half the exp function. 

Equation (13) may be applied to the present tests by determining the constant tl 
from 2’ at one stress-state, and then using it to predict failure strains at other stress- 
states. If the result for the A-notch is used to determine CI, then the predicted curves 
for the long and short transverse directions are as shown in Fig. 15 and they compare 
well with the data over much of the range of a,/ii. 

There are many materials in which appreciable plastic flow occurs before voids 
nucleate; and for such materials, equation (13) would have to be modified to 

c’ = Zn + CI exp (- 3a,/21?), (14) 

where Z,, is the void nucleation strain which may depend on stress-state. In an investi- 
gation on Swedish iron by HANCOCK (1976), Zn was found to be about 0.2 and 
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FIG. 15(b). 
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FIG. 15(c). 

FIG. 15. (a) The effective plastic strain to initiate failure, e‘r, as a function of the stress 
state for Ql tested in the long transverse and short transverse directions. 

(b) The effective plastic strain required to initiate failure, Z, as a function of the stress state for ESR 
tested in the long and short transverse directions. (Note the lack of directionality in this steel 

compared with those prepared by more conventional techniques.) 
(c)The effective plastic strain required to initiate failure Z, as a function of the stress state for HY 130 
tested in the long and short transverse directions. (Note that in the highly tri-axial states, HY130 ST. 
fails at strains of the order of 0.02; whereas in uni-axial tension, failure occurs after a strain of the 

order of 0.65.) 

independent of stress-state. Failure strains should thus be less dependent on stress- 
state than those for Ql for which 2, is very small. 

One of the features of BERG’S (1962) analysis of hole growth, on which Mc- 
CLINTOCK’S (1968) model and the growth factors in Table 3 are based, is that the 
semi-axes of the hole are expected to grow fastest in the direction of the maximum 
principal stress. In the high-strength steels, extensive hole growth occurs perpendicular 
to the major principal stress, particularly for material tested in the short transverse 
direction. Metallographic evidence, such as that shown in Fig. 16, suggests that holes 
grow not only by the simple continuum mechanics of individual hole growth, but also 
by coalescing with other smaller holes nucleating at carbides or small inclusions and 
growing rapidly under the influence of the stress fields of the large holes. 

The effect may be illustrated by considering a single cylindrical hole of radius b 
in a rigid-plastic matrix subject to all-round tension and in generalized plane strain 
parallel to the axis of the cylinder. The strain parallel to the axis of the cylinder is 
adjusted to give a,/C = 0.75 at large distances from the hole; this is the value of 
a,/3 in the centre of the A-notch specimen. Both the effective-strain concentration 
factor and the local tri-axiality are plotted as a function of distance from the hole in 
Fig. 17. On the same graph, the rate-of-growth of a small, initially spherical hole 



FIG. 5. An inclusion colony in QI. 

FIG. 6. A crack formed in the centre of a specimen after failure initiation. 



F‘tti. 7. Failut~ initiation in QI (A-notch) tested in the short tr;tnsversr direction. 

I%;. 8. &tiaitnrrr initiation in Qf CA-notch) tested in the long transverse direction. 



FIG. Y. The mechanism of failure in HY130 tested in the short transverse direction. 



I. IO. (a) The I‘racturc sut-l’ace 01’ HY 130 tcsted in the short tran~versc direction 
showing the castcllated fracture surface. 

(b) Hole growth within an inclusion colony in HY 130 (S.7.). 
c) Hole growth within the micro-cracked regions linking inclusion colonies in 

HY 130 (S.T.1. 



FIG. 1 I. Holes in QI (A-notch) short transverse direction at Pp = 0.10. 

FIG. 16. Hole growth near a large void. 
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LOCAL GROWTH-RATE/GROWTH-RATE AT- 

-0.6 

FIG. 17. Hole-growth amplification near a cylindrical hole. 

divided by the rate-of-growth of a similar hole remote from the large hole is plotted as 
a function of distance from the large hole. The holes adjacent to a large hole grow 
almost twice as fast as those remote from it. The local amplification of hole growth 
allows large holes to grow by coalescing with smaller holes that nucleate and then 
grow in its stress field, and this effect is expected to be particularly pronounced for 
holes in the orientation shown in Fig. 16. It is with this cautionary note that the growth 
factors given in Table 3 are presented. In fact, the effect is expected to be most 
pronounced for the transverse growth factors Fu for Ql tested in the short transverse 
direction, and it is expected to increase these values as well as the corresponding 
values of FbFa and (FOFb)* possibly bringing them more into line with the results for 
the long transverse direction. 

4.3 The linking-up of holes by pow localization 

Deformation before the marked drop in average stress, which has been defined as 
failure initiation, is characterized by homogeneous hole growth. After failure initia- 
tion, deformation is largely confined to the growth of a central crack in the minimum 
cross-section. The failure initiation event thus represents the transition between 
homogeneous hole growth and the first formation of a distinct crack. In contrast to 
MCCLINTOCK’S (1968) model, the large holes do not actually touch one another at 
failure initiation but are often joined by micro-cracks as shown in Fig. 7. Such cracks 
result from smaller-scale hole growth processes (see Fig. 10(b)), probably based on 
carbides and small inclusions, and would seem to require a locally-severe stress-state 
and/or very high local strains. Such severe stress-states and high strains may arise by 
flow localization between the holes. For example, a possible mode of flow localization 
between cylindrical holes in plane-strain tension is that of two interlocking logarithmic 
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FIG. 18. A possible plane-strain slip-1ine:field for localized flow, suggested by NAGPAL et al. (1973). 

spiral slip-line fields (as shown in Fig. 18)). The stress-state midway between these 
holes is given by 

a,,,/5 = (1 + 2 In (1,/2n))/J3, (15) 

where a is the hole radius and I, the hole spacing, and it shows the elevation of stress- 
state which occurs in this region of high strain. 

In studying the problem of flow localization, BERG (1970, 1972) has suggested, 
by analogy with the necking problem in sheets, that regions of flow localization should 
be bounded by rigid planes and lead to a load drop. In a notched tension specimen, 
the condition that the plane normal to the tensile axis does not deform is that the radial 
and hoop strains e,, e, are zero. For a material deforming at constant volume, this 
implies that the axial strain is also zero; but for a material containing holes, axial 
strain may arise by dilation associated with hole growth. Thus, using the definitions 
of dilational strain, 

de,ii = de, + de, + de,, (16) 

and effective strain (equation (2)), it follows that 

dedi, = qdi?. (17) 

In order to evaluate (17) rigorously, a dilational stress-strain relationship is 
required and this is not available. However, in order to get a feel for the implications 
of the result, it is worthwhile making some approximations. For a rigid-plastic 
material containing approximately spherical holes, the Rice-Tracey result of (12) for 
the growth of a spherical hole may be used to calculate very approximately the dilation 
of a volume fraction f of holes. Substitution into (17) gives the volume fraction of 
holes that is required for localization as a function of stress-state, i.e. 

f = CO.56 exp (3a,/2~?)]-‘. (18) 

If there is a highly tri-axial stress-state, for example a,/5 = 1.4, then (18) suggests 
that only a 22% volume fraction of holes is required for localization, whereas for 
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a,/5 = O-5, an 85 % volume fraction is necessary. This suggests that in very dirty or 
highly precipitation-hardened materials at severe stress-states, flow localization may 
occur as soon as the holes are formed. Furthermore, if the material originally con- 
tained a volume fraction of holes, fO, and if the simplifying approximation that the 
holes remain spherical (as is the case for highly tri-axial stress-states) is again made, 
then the amount of uniform strain to produce flow localization is 

BP = l-2(0*58 - In f0 - 3a,/25) exp (- 3a,/25), (19) 

and this indicates a very stress-state sensitive fracture process. However, although the 
expressions developed for the growth of isolated holes in an infinite matrix are probably 
good approximations to the growth of widely-separated holes, it seems likely that they 
will over-estimate the rate at which holes grow in a porous material. A problem also 
arises, in that without plastic stress-strain relations showing dilation, it is not possible 
to determine the stress-state in the porous material before localized flow occurs. 

The strain-state in the notch tension-specimens is assumed to be that of uni-axial 
tension, and the stress-state is unlikely to be less severe than that of uniaxial tension 
(a;n/C = 3); it may, however, be less severe than that calculated with the Bridgman 
results for an incompressible material. The present results seem to favour localization 
at a critical local volume fraction of holes and do not indicate such a decreased volume 
fraction of holes in the severe notches at failure initiation as suggested by (18) and (19). 

Rigid planes bounding a region of localized flow do not occur right across the 
specimen but the initiation event occurs within a small volume at the centre of the 
specimen. To this extent, the mode of flow localization at failure initiation leading to 
(17) and (18) is over-simplified. However, a similar mode of flow localization may occur 
within inclusion colonies and produce very high strains which lead to rapid hole- 
growth and coalescence for very small applied strains. In this case, the material out- 
side the colony does not become rigid, but the difference between the large effective 
plastic strain increments inside the colony and the small strain increments outside the 
colony is accommodated by the dilation of the material inside the colony as the holes 
grow. 

It may also be noted that hole growth during flow localization has been studied by 
NAGPAL, MCCLINTOCK, BERG and SUBUDHI (1967) using interacting slip-line fields 
for arrays of holes. These show a higher transverse growth rate than expected for 
isolated holes growing homogeneously, and this corresponds well to the growth of 
holes within inclusion colonies in HY130 (shown in Fig. 10(b)) in which the transverse 
growth-rate is comparable with the axial growth-rate. 

The same material HY 130 tested in the short transverse direction also shows a very 
distinctive mode of failure initiation, in which flow localization occurs in shear bands 
between cracked inclusion colonies, as idealized in Fig. 19. Here, the two halves of 
the specimen move apart as rigid blocks leaving the castellated fracture surface shown 
in Fig. 10. For a non-hardening material in uniaxial tension, an upper bound on the 
load for homogeneous flow is obtained by assuming uniform distribution of strain, 
i.e. 

where cy is the yield stress in tension, and P,, is the load for a unit cell of width w and 
for unit thickness. When flow is localized in shear bands, as in Fig. 19, the associated 
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I CRACKED INCLUSION 
COLONY 

FIG. 19. The idealized fracture mode of HY 130 tested in the short transverse direction. 

load Pi may be estimated by using the upper-bound limit design theorem to obtain 

The quantities w and h in (20) and (21) are defined in Fig. 17. 
As MCCLINTOCK (1967) has pointed out in a related shear-band analysis, the first 

condition for flow localization to occur is that P, < P,, and, strictly speaking, the 
upper bound on Pi should be compared with a lower bound on P,. However, a 
comparison of upper bounds gives a useful approximation and suggests that for flow 
to localize, 

11 5 +J3w. (22) 

This condition is clearly satisfied in the photomicrographs of Fig. 10. For localized 
flow to occur, the mode must also lead to a stationary load or to a load drop. The 
area A of ligament resisting shear between cracked inclusion colonies reduces as the 
inclusion surfaces separate, but this reduction in area may be offset by work-hardening 
of the material. If z is the value of the shear stress in the bands when flow localizes, 
then 

Pi = 2Az. (23) 

For localization, 

dP, = 2rdA+2Adt 5 0. (24) 

Since 

dA = -2tdy, (2% 

where t is the thickness of the band and dy is the shear strain in the band, the work- 
hardening condition for this mode of flow localization is 

dzldy = dcT/di? I 2tzlh, (26) 

i.e. dCldgQ I 2iitjJ3h. (27~ 



Mechanisms of ductile failure 165 

For HY130, dZ/dCp x 1 kN/mm’ and I? z 1 kN/mm’ ; and thus, as t 4 h, the condition 
cannot be fulfilled with the current strain-hardening rates and seems only to be met by 
materials with exceptionally low strain-hardening rates, unless the strain-hardening 
rate of the band is reduced by porosity. As failure in the bands occurs by small-scale 
hole growth, this seems quite likely, and again emphasizes the importance of ‘second 
generation’ small-scale hole growth between large holes in these high-strength steels. 
Thus, although the holes which develop from large inclusions may not always grow until 
they coalesce completely, the strain concentration associated with their growth (as 
illustrated in Fig. 17) favours the nucleation and rapid growth of voids from precipitate 
particles within the stress field of the large holes. The amount of small-scale hole 
growth and extent of local damage may be sufficient to join the larger holes directly. 
However, as such precipitates often control the strain-hardening characteristics of 
the material and the development of holes on the precipitates reduces the strain- 
hardening rate (ASHBY, 1966), small-scale hole growth also favours flow localization 
in shear bands, as noted in Fig. 9. 

4.4 Application of the data and the material-size parameter 

The data presented here are important in that they allow the initiation of failure to 
be predicted in multi-axial stress-fields. However, in order to predict failure initiation 
in non-uniform stress fields, such as those ahead of cracks and flaws, it is not a 
sufficient condition for failure initiation that a strain which is a function of stress-state 
is exceeded at a point. Failure initiation must involve a minimum amount of material 
which is characteristic of the scale of physical events involved. For example, in Ql, 
failure initiates by the linking of two or more of the large holes formed from inclusion 
colonies, and such a failure mode would not be possible over distances smaller 
than the inclusion spacing. This scale of physical events has been characterized by a 
material-size parameter, which has been taken as 200 pm for Ql, and has enabled 
MACKENZIE, et al. (1976) to predict the critical stress intensity factor and critical 
defect sizes for the initiation or failure ahead of cracks in small-scale yielding. 

5. CONCLUSIONS 

The ductility of high-strength steels depends markedly on the stress-state which 
may be characterized by a,,,/~?, basically in accord with MCCLINTOCK’S (1968) model 
of ductile failure. Although this model, which is based on the growth of discrete holes 
in a homogeneous continuum, over-simplifies the actual mechanisms of failure in 
high-strength steels, it contains many of the essential features of the process. Specifi- 
cally, complications to simple models arise when an important mechanism of hole 
growth from large inclusions is that of coalescing with micro-voids generated from 
precipitates within the stress field of the large holes. On this basis, the hole-growth 
equations often under-estimate the rate at which large holes grow; particularly for 
elliptical holes oriented with their major axes normal to the largest principal stress. 
However, more important is the fact that the large holes often do not coalesce com- 
pletely but are linked by micro-cracks which are a result of a second generation of 
small-scale hole growth based on carbides or other precipitates between the large 
holes. In order to produce the necessary amount of small-scale hole growth, high local 
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strain and/or an enhanced stress-state is required; and these conditions may be 
produced by a plastic instability, resulting in flow localization between the large 
holes. The size, shape and spacing of the large holes when this process starts is clearly 
important. Calculation of these parameters for Ql and comparison with experimental 
observations suggests that failure initiation in this material may occur at a critical 
volume fraction of large holes. This is equivalent to a critical hole spacing averaged 
over all orientations, and may correspond to the observation that hole coalescence 
does not occur on a single well-defined plane. The mechanism of flow localization and 
failure initiation is not unique, and it varies with material and the orientation of the 
stress system with respect to the material axes. Notably, in this work, HY 130 tested 
in the short transverse direction failed by flow localization in shear bands between the 
large holes, a process in which small-scale hole growth again appears to be important. 

The present work has again emphasized the highly directional properties of wrought 
steels which MCCLINTOCK (1968) has referred to in his well-known model of ductile 
failure. Directionality may be attributed to the variation in hole or inclusion spacing 
from plane to plane. However, the work presented here suggests that an equally 
important factor is the distribution of inclusions within a given plane, which for real 
materials is highly irregular. This leads to extensive hole coalescence within inclusion 
colonies by a process akin to flow localization very early along the stress-strain curve, 
and produces highly eccentric holes. The dilation rate is a function of stress-state: 
but for eccentric holes, it also depends markedly on the orientation of the holes with 
respect to the stress system. 

As emphasized in earlier discussion, high dilation-rates result when the major 
principal stress is aligned with the minor semi-axis of the elliptical hole; very much 
lower dilation-rates result when the major principal stress is aligned with the major 
axis of the hole. Thus, if failure initiation occurs when a critical volume fraction of 
holes is reached, or the growth factor averaged over all orientations reaches a critical 
value, it will occur at a lower strain for specimens tested in the short transverse direc- 
tion than for specimens tested in the long transverse direction, due to the very much 
higher dilation-rate in the former case. 
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APPENDIX 

Calculation of Hole Size and Shape folIowing the Berg-McClintock Method 

Consider an elliptical hole in a plate of linear viscous material and under principal 
stresses o1 and o2 inclined at angle a’ to (x, y)-axes in the plane of the plate. The ellipse 
has major and minor semi-axes, a and b as shown in Fig. A.l, and has mean radius 

R = )(a+b). (A.1) 

FIG. A.l. Elliptical hole in an infinite plate. 
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The eccentricity and orientation of the ellipse is defined through a complex number m, 
where the eccentricity as defined by Berg is 

Iml = (a - b)/(a + b), (A.2) 

and the inclination CD of the major axis of the ellipse to the x-axis is 

@ = _1 arg m. (A.3) 

BERG (1963) solved the finite strain problem of the growth of such a hole; and, 
excluding the case in which (cl + aJ = 0, his results may be summarized by 

mtr = (mO - ((0, -oZ)/(ol +a,)) exp W’)) exp C-2(1 +7c)(o, +a,)t’/8~)+ 

+ ((cl --az>i(al +adl exp PO, (A-4) 

R,, = R, exp ((1 +~)(a~ +a,)t’/8~), (A-5) 

where t’ represents time, the subscript ‘0’ represents an initial value, the subscript ‘0” 
indicates the appropriate value of the subscripted variable at time t’, p is viscosity, 
and K is a constant. 

The growth of an elliptical hole, whose semi-major axis and the stress rrl lie in the 
x-direction, is then given by 

CD = X’ = 0. (A*@ 

The growth of a hole, when its semi-minor axis and the stress C, lie in the x-direction, 
is given by 

@ = +7r, co = 0. (A.7) 

Equations (A.3) and (A.4) have been adapted for generalized plastic plane strain 
by MCCLINTOCK (1968). In generalized plane strain, a uniform strain eT;( 80) is 
applied perpendicular to the (xy)-plane. 
This gives 

R = R, exp [(&/3FP/(l - ) II sinh (+,/3(a, i- IJJ( 1 - n)/C) -Seg] (A.8) 

m = {(ul --oXa +a,)} exp (2W+(m0-((0, -oXa +oz)) x 

x exp (2ia’)) exp ( --J3zp/( 1 -II)} x sinh (3+/3Zp( 1 - n)(al +a,)/S) (A.9 

In order to apply these results to the calculations of hole growth in a notched 
tensile-specimen, the stresses ol, CT~ are taken as the axial and hoop stresses uZ, u0 
respectively. At the centre of the specimen these stresses can be calculated from 

uZ = ii(l +ln (&z/R + l)), (A.lO) 

u0 = S(ln (&I/R + 1)). (A.11) 

Noting that the radial strain is independent of the radial co-ordinate r, the radial 
strain may by identified with e3 in (A.7) and calculated from the integrated form of 
the Levy-Mises flow-rule 

e,” = (Z”/O)(u, - &(u, + ug)}. (A.12) 

The strain Zp may be obtained from the change in specimen dimensions given in (5), 
and the stresses normalized with respect to the equivalent flow-stress from use of 
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(A. 10) and (A.1 1). The stresses and strains are then substituted into (A.8) and (A.9) 
with n = O-2 and LX’ = 0 or ~1’ = $r to calculate the eccentricity and mean radius 
of the hole. The semi-axes can then be calculated by solving (A.l) and (A.2) 
simultaneously. 


