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General Expressions

Considering a transversely isotropic solid under large
displacements and strains, let a0 denote the principal
fiber direction of orthotropy in the undeformed config-
uration.

Let’s also introduce the second order structural tensor
M=a0⊗a0.

[Bonet and Burton, 1998]
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General Expressions

The total Helmholtz free energy writes

ψ = ψ(I1, I2, J, I4, I5), (1)

with the introduction of two additional invariants of
the right Cauchy-Green tensor C defined by

I4 = tr (CM) = C : M = a0 · Ca0 (2)

I5 = tr
(
C2M

)
= C2 : M = a0 · C2a0 (3)

I4 corresponds to the stretch in the fiber direction (λF )
whereas I5 is related to the cross-section reduction in
the direction orthogonal to a0.

[Bonet and Burton, 1998]
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PK2 Stress Tensor

The general expression of the PK2 stress tensor Swrites

S = 2
∂ψ

∂C
= 2

[
∂ψ

∂I1

∂I1

∂C
+
∂ψ

∂I2

∂I2

∂C
+
∂ψ

∂J
∂J
∂C

+
∂ψ

∂I4

∂I4

∂C
+
∂ψ

∂I5

∂I5

∂C

]
(4)

Using the following expressions for the derivatives of the invariants

∂I1

∂C
= I | ∂I2

∂C
= I1I− C | ∂J

∂C
=

J
2
C−1 | ∂I4

∂C
= M | ∂I5

∂C
= MC+ CM (5)

the PK2 stress tensor can be written as

S = 2
[(

∂ψ

∂I1
+
∂ψ

∂I2
I1

)
I− ∂ψ

∂I2
C+

∂ψ

∂J
J
2
C−1 +

∂ψ

∂I4
M+

∂ψ

∂I5
(MC+ CM)

]
(6)
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Isotropic/Anisotropic Split of Potential

Without loss of generality, the potentialψ can be decomposed into an isotropic contributionψi and
an orthotropic contribution ψa as

ψ(I1, I2, J, I4, I5) = ψi(I1, I2, J) + ψa(I1, I2, J, I4, I5), (7)

and consequently, the PK2 stress tensor can also be decomposed in an isotropic contribution Si

and an orthotropic contribution Sa as

S = Si + Sa = 2
[
∂ψi

∂C
+
∂ψa

∂C

]
(8)

5



Deviatoric/Volumetric Split of Deformation Gradient

Using the deviatoric/volumetric split of the total deformation gradient F from [Flory, 1961]

F = F̂F̄, with

{
F̂ = (detF)

1
3 I = J 1

3 I

F̄ = (detF)−
1
3 F = J− 1

3 F
(9)

the strain-energy density function ψ can be written in terms of the reduced invariants

ψ(I1, I2, J, I4, I5) = ψ̄(̄I1, Ī2, Ī3, Ī4, Ī5) = ψ̄i (̄I1, Ī2, Ī3) + ψ̄a(̄I1, Ī2, Ī3, Ī4, Ī5), (10)

Starting from Eqn. 6, the PK2 stress tensor S now writes

S = 2J−
2
3

[(
∂ψ̄

∂ Ī1
+
∂ψ̄

∂ Ī2
Ī1

)
I− ∂ψ̄

∂ Ī2
C̄+

∂ψ̄

∂J
J
2
C̄−1 +

∂ψ̄

∂ Ī4
M+

∂ψ̄

∂ Ī5

(
MC̄+ C̄M

)]
(11)
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Transversely Isotropic St. Venant Model

For the isotropic contribution ψi, the standard St. Venant potential writes

ψi =
1
2
λ
(

trEGL)2
+ µEGL : EGL, (12)

where EGL is the Green-Lagrange strain tensor, λ and µ (or G) are related to the engineering material
constants as

λ =
Eν

(1 + ν)(1 − 2ν)
| µ = G =

E
2(1 + ν)

, (13)

with Young modulus E and Poisson ratio ν.
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Transversely Isotropic St. Venant Model

The simplest transversely isotropic potential ψa that satisfies the requirements of resulting in a
constant elasticity tensor whilts providing enough material constants to reproduce the small strain
model is given as [Bonet and Burton, 1998]

ψa = [α+ β (I1 − 3) + γ (I4 − 1)] (I4 − 1)− 1
2
α (I5 − 1) , (14)

where the different constants are related to the engineering material constants with

λ =
E(ν + nν2)

m(1 + ν)
| µ =

E
2(1 + ν)

| α = µ− Ga | β =
Eν2(1 − n)
4m(1 + ν)

(15)

γ =
Ea(1 − ν)

8m
− λ+ 2µ

8
+
α

2
− β | m = 1 − ν − 2nν2 | n =

Ea

E
(16)

The subscript a denotes the material properties in the fiber direction.
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Transversely Isotropic St. Venant Model

Note that when the material is purely isotropic, we have

n =
Ea

E
= 1 | m = 1 − ν − 2nν2 = (1 + ν)(1 − 2ν) (17)

leading to the following constant values

λ =
E(ν + nν2)

m(1 + ν)
=

Eν
(1 + ν)(1 − 2ν)

| µ =
E

2(1 + ν)
| α = µ− G = 0 (18)

β =
Eν2(1 − n)
4m(1 + ν)

= 0 | γ =
E(1 − ν)

8m
− λ+ 2µ

8
+
α

2
− β = 0 (19)

which is equivalent to the standard St. Venant model.
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Transversely Isotropic St. Venant Model

For the transversely isotropic St. Venant model, the PK2 stress tensor S finally writes

S = Si + Sa = 2
∂ψi

∂C
+ 2

∂ψa

∂C
= λtr

(
EGL) I+ 2µEGL + 2β(I4 − 1)I+ 2 [α+ β (I1 − 3) + 2γ (I4 − 1)]M− α (CM+MC) (20)
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Isotropic Strain-Energy Density Function

The (general) strain-energy density for an isotropic Neo-Hookean material writes

ψi (̄I1, J) =
µ

2
(̄I1 − 3) +

λ

2
f(J) = C1(̄I1 − 3) + Kf(J) (21)

Note that compared to [Bonet and Burton, 1998], the gauge term "−µ ln J" is not required due to
the use of reduced invariants.

For [Bonet and Burton, 1998], the volumetric part of the strain-energy density function writes

Kf(J) =
λ

2
(J − 1)2 (22)
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Isotropic PK2 and Cauchy Stress Tensors

The isotropic PK2 stress tensor Siso is obtained from the differentiation of ψi with respect to C̄ as in
Eqn. 11

Siso = 2J−
2
3

[
∂ψ̄i

∂ Ī1
I+

∂ψ̄i

∂J
J
2
C̄−1

]
= 2J−

2
3

[
µ

2
I+

(
−µ

3
J−

5
3 I1 + λ[J − 1]

) J
2
C̄−1

]
= J−

2
3

[
µI+

(
−µ

3
Ī1 + λJ[J − 1]

)
C̄−1

]
(23)

The isotropic Cauchy stress tensor σiso is obtained from the push-forward of Eqn. 23

σiso =
1
J
FSisoFT =

J− 2
3

J

[
µFIFT +

(
−µ

3
Ī1 + λJ[J − 1]

)
FC̄−1FT

]
=
µ

J
J−

2
3B+

1
J

(
−µ

3
Ī1 + λJ[J − 1]

) J− 2
3

J− 2
3
F(FTF)−1FT

=
µ

J
B̄− 1

3
µ

J
Ī1I+ λ(J − 1)I =

µ

J
dev

(
B̄
)
+ λ(J − 1)I (24)
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Isotropic Deviatoric Stress and Pressure

From Eqn. 24, the isotropic deviatoric stress contribution siso writes

siso = dev (σiso) =
µ

J
dev

(
B̄
)
, (25)

and the isotropic pressure contribution piso writes

piso =
tr (σiso)

3
= λ(J − 1). (26)
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Isotropic Material Elasticity Tensor (PK2)

The isotropic material elasticity tensor HSiso is obtained from the differentiation of Eqn. 23

HSiso = 2
∂Siso

∂C
= 2

(
∂Svol

iso
∂C

+
∂Sdev

iso
∂C

)
= HSiso

vol +HSiso
dev (27)

using the split in the deviatoric part of the material elasticity tensor HSiso
dev and the volumetric part of

the material elasticity tensor HSiso
vol . The volumetric part will not be computed since it is not relevant

for Metafor.

HSiso
dev =2

∂

∂C

(
µJ−

2
3

[
I− 1

3
Ī1C̄−1

])
=2µ

(
I− 1

3
Ī1C̄−1

)
⊗ ∂

∂C

(
J−

2
3

)
+ 2µJ−

2
3
∂

∂C

(
I− 1

3
Ī1C̄−1

)
=2µ

(
I− 1

3
Ī1C̄−1

)
⊗ ∂

∂J

(
J−

2
3

) ∂J
∂C

+ 2µJ−
2
3

[
∂I
∂C

− 1
3
∂

∂C
(̄

I1C̄−1)]
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Isotropic Material Elasticity Tensor (PK2)

=2µ
(
I− 1

3
Ī1C̄−1

)
⊗
(
−2

3
J−

5
3

J
2
C−1
)
+ 2µJ−

2
3

[
0 − 1

3

(
C̄−1 ⊗ ∂ Ī1

∂I1
I+ C̄−1 ⊗ ∂ Ī1

∂J
J
2
C−1 + Ī1

∂C̄−1

∂C

)]
=− 2

3
µJ−

4
3

(
I− 1

3
Ī1C̄−1

)
⊗ C̄−1 − 2

3
µJ−

2
3

(
C̄−1 ⊗ J−

2
3 I+ C̄−1 ⊗

[
−1

3
Ī1

]
C−1 +̄I1

∂C̄−1

∂C̄
:
∂C̄
∂C

)
=− 2

3
µJ−

4
3

(
I− 1

3
Ī1C̄−1

)
⊗ C̄−1 − 2

3
µJ−

4
3

(
C̄−1 ⊗

[
I− 1

3
Ī1C̄−1

]
+ Ī1

∂C̄−1

∂C̄
:

[
Isym − 1

3
C̄⊗ C̄−1

])
=− 2

3
µJ−

4
3

(
I− 1

3
Ī1C̄−1

)
⊗ C̄−1 − 2

3
µJ−

4
3

(
C̄−1 ⊗

[
I− 1

3
Ī1C̄−1

]
− Ī1

[
C̄−1 ⊙ C̄−1 − 1

3
C̄−1 ⊗ C̄−1

])
=− 2

3
µJ−

4
3

([
I− 1

3
Ī1C̄−1

]
⊗ C̄−1 + C̄−1 ⊗

[
I− 1

3
Ī1C̄−1

]
− Ī1

[
C̄−1 ⊙ C̄−1 − 1

3
C̄−1 ⊗ C̄−1

])
(28)
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Isotropic Material Elasticity Tensor (Cauchy)

The deviatoric part of the isotropic material elasticity tensor with respect to Cauchy stresses Hσiso
dev

is obtained from the push-forward operation of Eqn. 28 to the current configuration

Hσiso
dev =

1
J
F
(
FHSiso

devF
T
)
FT

=− 2
3
µ

J

([
B̄− 1

3
Ī1I
]
⊗ I+ I⊗

[
B̄− 1

3
Ī1I
]
− Ī1

[
I⊙ I− 1

3
I⊗ I

])
=

2
3
µ

J
Ī1

(
Isym − 1

3
I⊗ I

)
− 2

3
µ

J
(

dev
[
B̄
]
⊗ I+ I⊗ dev

[
B̄
])

(29)

=
2
3
µ

J
Ī1

(
Isym +

1
3
I⊗ I

)
− 2

3
µ

J
(
B̄⊗ I+ I⊗ B̄

)
(30)

This expression presents a major and a minor symmetry as expected.
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Isotropic Part of the Material Elasticity Tensor (Cauchy)

Using Voigt’s notation, Eqn. 30 finally writes

Hσiso
ijkl =

2
3
µ

J
B̄mm

(
1
2

[
δilδjk + δikδil +

1
3
δijδkl

])
− 2

3
µ

J
(

B̄ijδkl + δijB̄kl
)

(31)
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Anisotropic Strain-Energy Density Function

For the anisotropic contribution to the strain-energy density function, Eqn. 14 from [Bonet and
Burton, 1998] is re-written in terms of the reduced invariants, hence

ψa =
[
α+ β

(̄
I1 − 3

)
+ γ

(̄
I4 − 1

)] (̄
I4 − 1

)
− 1

2
α
(̄

I5 − 1
)
, (32)

The anisotropic PK2 stress tensor Sani is obtained from the differentiation of ψa with respect to C̄ as
in Eqn. 11

Sani = 2J−
2
3

[
∂ψ̄

∂ Ī1
I+

∂ψ̄

∂J
J
2
C̄−1 +

∂ψ̄

∂ Ī4
M+

∂ψ̄

∂ Ī5

(
MC̄+ C̄M

)]
(33)
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Anisotropic PK2 Stress Tensor

Managing each differential term separately

∂ψa

∂ Ī1
= β(̄I4 − 1) (34)

∂ψa

∂ Ī4
= α+ β(̄I1 − 3) + 2γ(̄I4 − 1) (35)

∂ψa

∂ Ī5
= −α

2
(36)

∂ψa

∂J
= −2

3
J−

5
3 I4

[
α+ β

(̄
I1 − 3

)
+ γ

(̄
I4 − 1

)]
+

[
−2

3
βJ−

5
3 I1 −

2
3
γJ−

5
3 I4

] (̄
I4 − 1

)
+

4
3
α

2
J−

7
3 I5

= −2
3

1
J

Ī4
[
α+ β

(̄
I1 − 3

)
+ γ

(̄
I4 − 1

)]
− 2

3
1
J
[
β Ī1 + γ Ī4

] (̄
I4 − 1

)
+

2
3
α

J
Ī5 (37)
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Anisotropic PK2 Stress Tensor

and injecting those terms in Eqn. 33

Sani =2J−
2
3

[
β(̄I4 − 1)I+

(
−2

3
1
J

Ī4
[
α+ β

(̄
I1 − 3

)
+ γ

(̄
I4 − 1

)]
− 2

3
1
J
[
β Ī1 + γ Ī4

] (̄
I4 − 1

)
+

2
3
α

J
Ī5

)
J
2
C̄−1 +

(
α+ β

[̄
I1 − 3

]
+ 2γ

[̄
I4 − 1

])
M− α

2
(
MC̄+ C̄M

) ]
=2J−

2
3

[
β(̄I4 − 1)I+

(
−1

3
Ī4
[
α+ β

(̄
I1 − 3

)
+ γ

(̄
I4 − 1

)]
− 1

3
[
β Ī1 + γ Ī4

] (̄
I4 − 1

)
+

1
3
ᾱI5

)
C̄−1 +

(
α+ β

[̄
I1 − 3

]
+ 2γ

[̄
I4 − 1

])
M− α

2
(
MC̄+ C̄M

) ]
=2J−

2
3

[
β(̄I4 − 1)

(
I− 1

3
Ī1C̄−1

)
+
(
α+ β

[̄
I1 − 3

]
+ 2γ

[̄
I4 − 1

])(
M− 1

3
Ī4C̄−1

)
− α

2

(
MC̄+ C̄M− 2

3
Ī5C̄−1

) ]
(38)
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Anisotropic Cauchy Stress Tensor
The anisotropic Cauchy stress tensor σani is obtained from the push-forward of Eqn. 38

σani =
1
J
FSaniFT =2J−

5
3

[
β(̄I4 − 1)

(
FIFT − 1

3
Ī1FC̄−1FT

)
+
(
α+ β

[̄
I1 − 3

]
+ 2γ

[̄
I4 − 1

])(
FMFT − 1

3
Ī4FC̄−1FT

)
− α

2

(
FMC̄FT + FC̄MFT − 2

3
Ī5FC̄−1FT

) ]
=2J−

5
3

[
β(̄I4 − 1)

(
B− 1

3
Ī1J

2
3 I
)
+
(
α+ β

[̄
I1 − 3

]
+ 2γ

[̄
I4 − 1

])(
N− 1

3
Ī4J

2
3 I
)

− α

2

(
FMF̄T F̄FT + FF̄T F̄MFT − 2

3
Ī5J

2
3 I
) ]

=
2
J

[
β(̄I4 − 1)

(
B̄− 1

3
Ī1I
)
+
(
α+ β

[̄
I1 − 3

]
+ 2γ

[̄
I4 − 1

])(
N̄− 1

3
Ī4I
)

− α

2

(
F̄MF̄T F̄F̄T + F̄F̄T F̄MF̄T − 2

3
Ī5I
) ]
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Anisotropic Cauchy Stress Tensor

=
2
J

[
β
(̄

I4 − 1
)(
B̄− 1

3
Ī1I
)
+
(
α+ β

[̄
I1 − 3

]
+ 2γ

[̄
I4 − 1

])(
N̄− 1

3
Ī4I
)

− α

2

(
N̄B̄+ B̄N̄− 2

3
Ī5I
) ]

=
2
J

[
β
(̄

I4 − 1
)

dev
(
B̄
)
+
(
α+ β

[̄
I1 − 3

]
+ 2γ

[̄
I4 − 1

])
dev

(
N̄
)

− α

2
(

dev
(
N̄B̄

)
+ dev

(
B̄N̄

)) ]
(39)

Eqn. 39 only contributes to the deviatoric stress s.
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Anisotropic Material Elasticity Tensor (PK2)
The anisotropic material elasticity tensor HSani is obtained from the differentiation of Eqn. 38

HSani = 2∂Sani

∂C
=2 ∂

∂C

(
2J−

2
3

[
β(̄I4 − 1)

(
I− 1

3
Ī1C̄−1

)
+
(
α+ β

[̄
I1 − 3

]
+ 2γ

[̄
I4 − 1

])(
M− 1

3
Ī4C̄−1

)
−α

2

(
MC̄+ C̄M− 2

3
Ī5C̄−1

) ])
=4
[
β(̄I4 − 1)

(
I− 1

3
Ī1C̄−1

)
+
(
α+ β

[̄
I1 − 3

]
+ 2γ

[̄
I4 − 1

])(
M− 1

3
Ī4C̄−1

)
− α

2

(
MC̄+ C̄M− 2

3
Ī5C̄−1

) ]
⊗ ∂

∂C

(
J−

2
3

)
+ 4J−

2
3
∂

∂C

(
β [̄I4 − 1]

[
I− 1

3
Ī1C̄−1

])
+ 4J−

2
3
∂

∂C

([
α+ β

(̄
I1 − 3

)
+ 2γ

(̄
I4 − 1

)] [
M− 1

3
Ī4C̄−1

])
− 2αJ−

2
3
∂

∂C

(
MC̄+ C̄M− 2

3
Ī5C̄−1

)
(40)

For clarity, each terms from Eqn. 40 are derived separately hereafter.
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Anisotropic Material Elasticity Tensor (PK2)

∂

∂C

(
J−

2
3

)
=

∂

∂J

(
J−

2
3

) ∂J
∂C

= −2
3

J−
5
3

J
2
C−1 = −1

3
J−

4
3 C̄−1 (41)

∂

∂C

(
β [̄I4 − 1]

[
I− 1

3
Ī1C̄−1

])
=β

(
I− 1

3
Ī1C̄−1

)
⊗ ∂

∂C
(̄

I4 − 1
)
+ β

(̄
I4 − 1

) ∂

∂C

(
I− 1

3
Ī1C̄−1

)
=β

(
I− 1

3
Ī1C̄−1

)
⊗
(
∂(̄I4 − 1)

∂J
J
2
C−1 +

∂(̄I4 − 1)
∂I4

M
)
+ β

(̄
I4 − 1

)( ∂I
∂C

− 1
3

[
C̄−1 ⊗ ∂ Ī1

∂C
+ Ī1

∂C̄−1

∂C

])
=β

(
I− 1

3
Ī1C̄−1

)
⊗
(
−2

3
J−

5
3 I4

J
2
C−1 + J−

2
3M
)
− 1

3
β
(̄

I4 − 1
)(

C̄−1 ⊗
[
∂ Ī1

∂I1
I+

∂ Ī1

∂J
J
2
C−1
]
+ Ī1

∂C̄−1

∂C̄
:
∂C̄
∂C

)
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Anisotropic Material Elasticity Tensor (PK2)

=β

(
I− 1

3
Ī1C̄−1

)
⊗
(
−1

3
J−

2
3 I4C−1 + J−

2
3M
)
− 1

3
β
(̄

I4 − 1
)(

C̄−1 ⊗
[

J−
2
3 I− 2

3
J−

5
3

J
2

I1C−1
]

+J−
2
3 Ī1

∂C̄−1

∂C̄
:

[
Isym − 1

3
C̄⊗ C̄−1

])
=βJ−

2
3

(
I− 1

3
Ī1C̄−1

)
⊗
(
M− 1

3
Ī4C̄−1

)
− 1

3
β
(̄

I4 − 1
)(

C̄−1 ⊗
[

J−
2
3 I− 1

3
J−

2
3 I1C−1

]
−J−

2
3 Ī1

[
C̄−1 ⊙ C̄−1 − 1

3
C̄−1 ⊗ C̄−1

])
=βJ−

2
3

(
I− 1

3
Ī1C̄−1

)
⊗
(
M− 1

3
Ī4C̄−1

)
− 1

3
βJ−

2
3
(̄

I4 − 1
)(

C̄−1 ⊗
[
I− 1

3
Ī1C̄−1

]
−̄I1

[
C̄−1 ⊙ C̄−1 − 1

3
C̄−1 ⊗ C̄−1

])
(42)
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∂

∂C

([
α+ β

(̄
I1 − 3

)
+ 2γ

(̄
I4 − 1

)] [
M− 1

3
Ī4C̄−1

])
=

(
M− 1

3
Ī4C̄−1

)
⊗ ∂

∂C

(
α+ β

[̄
I1 − 3

]
+ 2γ

[̄
I4 − 1

])
+

(
α+ β

[̄
I1 − 3

]
+ 2γ

[̄
I4 − 1

]) ∂

∂C

(
M− 1

3
Ī4C̄−1

)
=

(
M− 1

3
Ī4C̄−1

)
⊗
(
β
∂(̄I1 − 3)

∂C
+ 2γ ∂(̄I4 − 1)

∂C

)
+

(
α+ β

[̄
I1 − 3

]
+ 2γ

[̄
I4 − 1

])(∂M
∂C

−1
3

[
C̄−1 ⊗ ∂ Ī4

∂C
+ Ī4

∂C̄−1

∂C

])
=

(
M− 1

3
Ī4C̄−1

)
⊗
(
β

[
∂(̄I1 − 3)

∂I1
I+

∂(̄I1 − 3)
∂J

J
2
C−1
]
+ 2γ

[
∂(̄I4 − 1)

∂I4
M+

∂(̄I4 − 1)
∂J

J
2
C−1
])

− 1
3

(
α+ β

[̄
I1 − 3

]
+ 2γ

[̄
I4 − 1

])(
C̄−1 ⊗

[
∂ Ī4

∂I4
M+

∂ Ī4

∂J
J
2
C−1
]
+ Ī4

∂C̄−1

∂C̄
:
∂C̄
∂C

)
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=

(
M− 1

3
Ī4C̄−1

)
⊗
(
β

[
J−

2
3 I− 2

3
J−

5
3 I1

J
2
C−1
]
+ 2γ

[
J−

2
3M− 2

3
J−

5
3 I4

J
2
C−1
])

− 1
3

(
α+ β

[̄
I1 − 3

]
+ 2γ

[̄
I4 − 1

])(
C̄−1 ⊗

[
J−

2
3M− 2

3
J−

5
3 I4

J
2
C−1
]
+ J−

2
3 Ī4

∂C̄−1

∂C̄
:

[
Isym − 1

3
C̄⊗ C̄−1

])
=J−

2
3

(
M− 1

3
Ī4C̄−1

)
⊗
(
β

[
I− 1

3
Ī1C̄−1

]
+ 2γ

[
M− 1

3
Ī4C̄−1

])
− 1

3
J−

2
3

(
α+ β

[̄
I1 − 3

]
+ 2γ

[̄
I4 − 1

])(
C̄−1 ⊗

[
M− 1

3
Ī4C̄−1

]
− Ī4

[
C̄−1 ⊙ C̄−1 − 1

3
C̄−1 ⊗ C̄−1

])
(43)

29



Anisotropic Material Elasticity Tensor (PK2)

∂

∂C

(
MC̄+ C̄M− 2

3
Ī5C̄−1

)

=(M⊠ I) :
∂C̄
∂C

+
(
I⊠ C̄

)
:
∂M
∂C

+
(
C̄⊠ I

)
:
∂M
∂C

+ (I⊠M) :
∂C̄
∂C

− 2
3

(
C̄−1 ⊗ ∂ Ī5

∂C
+ Ī5

∂C̄−1

∂C

)
=J−

2
3 (M⊠ I+ I⊠M) :

(
Isym − 1

3
C̄⊗ C̄−1

)
− 2

3

(
C̄−1 ⊗

[
∂ Ī5

∂J
J
2
C−1 +

∂ Ī5

∂I5
(MC+ CM)

]
+ Ī5

∂C̄−1

∂C̄
:
∂C̄
∂C

)
=J−

2
3 (M⊠ I+ I⊠M) :

(
Isym − 1

3
C̄⊗ C̄−1

)
− 2

3

(
C̄−1 ⊗

[
−4

3
J−

7
3 I5

J
2
C−1 + J−

4
3 (MC+ CM)

]
+J−

2
3 Ī5

∂C̄−1

∂C̄
:

[
Isym − 1

3
C̄⊗ C̄−1

])
(44)
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=J−
2
3 (M⊠ I+ I⊠M) :

(
Isym − 1

3
C⊗ C−1

)
− 2

3

(
C̄−1 ⊗

[
−2

3
J−

2
3 Ī5C̄−1 + J−

2
3 (MC̄+ C̄M)

]
−J−

2
3 Ī5

[
C̄−1 ⊙ C̄−1 − 1

3
C̄−1 ⊗ C̄−1

])
=J−

2
3 (M⊠ I+ I⊠M) :

(
Isym − 1

3
C̄⊗ C̄−1

)
− 2

3
J−

2
3

(
C̄−1 ⊗

[
MC̄+ C̄M− 2

3
Ī5C̄−1

]
−̄I5

[
C̄−1 ⊙ C̄−1 − 1

3
C̄−1 ⊗ C̄−1

])
=J−

2
3 (M⊠ I+ I⊠M) : Isym − 1

3
J−

2
3
(
MC̄+ C̄M

)
⊗ C̄−1 − 2

3
J−

2
3

(
C̄−1 ⊗

[
MC̄+ C̄M− 2

3
Ī5C̄−1

]
−̄I5

[
C̄−1 ⊙ C̄−1 − 1

3
C̄−1 ⊗ C̄−1

])
(45)
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Inserting these terms back in Eqn. 40, the anisotropic material elasticity tensor HSani finally writes

HSani =4
[
β(̄I4 − 1)

(
I− 1

3
Ī1C̄−1

)
+
(
α+ β

[̄
I1 − 3

]
+ 2γ

[̄
I4 − 1

])(
M− 1

3
Ī4C̄−1

)
− α

2

(
MC̄+ C̄M− 2

3
Ī5C̄−1

) ]
⊗
(
−1

3
J−

4
3 C̄−1

)
+ 4J−

2
3

[
βJ−

2
3

(
I− 1

3
Ī1C̄−1

)
⊗
(
M− 1

3
Ī4C̄−1

)
− 1

3
βJ−

2
3
(̄

I4 − 1
)(

C̄−1 ⊗
[
I− 1

3
Ī1C̄−1

]
−̄I1

[
C̄−1 ⊙ C̄−1 − 1

3
C̄−1 ⊗ C̄−1

])]
+ 4J−

2
3

[
J−

2
3

(
M− 1

3
Ī4C̄−1

)
⊗
(
β

[
I− 1

3
Ī1C̄−1

]
+ 2γ

[
M− 1

3
Ī4C̄−1

])
−1

3
J−

2
3

(
α+ β

[̄
I1 − 3

]
+ 2γ

[̄
I4 − 1

])(
C̄−1 ⊗

[
M− 1

3
Ī4C̄−1

]
− Ī4

[
C̄−1 ⊙ C̄−1 − 1

3
C̄−1 ⊗ C̄−1

])]
− 2αJ−

2
3

[
J−

2
3 (M⊠ I+ I⊠M) : Isym − 1

3
J−

2
3
(
MC̄+ C̄M

)
⊗ C̄−1 − 2

3
J−

2
3

(
C̄−1 ⊗

[
MC̄+ C̄M− 2

3
Ī5C̄−1

]
−̄I5

[
C̄−1 ⊙ C̄−1 − 1

3
C̄−1 ⊗ C̄−1

])]
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=− 4
3
βJ−

4
3 (̄I4 − 1)

(
I− 1

3
Ī1C̄−1

)
⊗ C̄−1 − 4

3
J−

4
3
(
α+ β

[̄
I1 − 3

]
+ 2γ

[̄
I4 − 1

])(
M− 1

3
Ī4C̄−1

)
⊗ C̄−1

+
2
3
αJ−

4
3

(
MC̄+ C̄M− 2

3
Ī5C̄−1

)
⊗ C̄−1 + 4βJ−

4
3

(
I− 1

3
Ī1C̄−1

)
⊗
(
M− 1

3
Ī4C̄−1

)
− 4

3
βJ−

4
3
(̄

I4 − 1
)(

C̄−1 ⊗
[
I− 1

3
Ī1C̄−1

]
− Ī1

[
C̄−1 ⊙ C̄−1 − 1

3
C̄−1 ⊗ C̄−1

])
+ 4J−

4
3

(
M− 1

3
Ī4C̄−1

)
⊗
(
β

[
I− 1

3
Ī1C̄−1

]
+ 2γ

[
M− 1

3
Ī4C̄−1

])
− 4

3
J−

4
3
(
α+ β

[̄
I1 − 3

]
+ 2γ

[̄
I4 − 1

])(
C̄−1 ⊗

[
M− 1

3
Ī4C̄−1

]
− Ī4

[
C̄−1 ⊙ C̄−1 − 1

3
C̄−1 ⊗ C̄−1

])
− 2αJ−

4
3 (M⊠ I+ I⊠M) : Isym +

2
3
αJ−

4
3
(
MC̄+ C̄M

)
⊗ C̄−1

+
4
3
αJ−

4
3

(
C̄−1 ⊗

[
MC̄+ C̄M− 2

3
Ī5C̄−1

]
− Ī5

[
C̄−1 ⊙ C̄−1 − 1

3
C̄−1 ⊗ C̄−1

])
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=− 4
3
βJ−

4
3
(̄

I4 − 1
) [(

I− 1
3

Ī1C̄−1
)
⊗ C̄−1 + C̄−1 ⊗

(
I− 1

3
Ī1C̄−1

)
− Ī1

(
C̄−1 ⊙ C̄−1 − 1

3
C̄−1 ⊗ C̄−1

)]
− 4

3
J−

4
3
(
α+ β

[̄
I1 − 3

]
+ 2γ

[̄
I4 − 1

]) [(
M− 1

3
Ī4C̄−1

)
⊗ C̄−1 + C̄−1 ⊗

(
M− 1

3
Ī4C̄−1

)
−̄I4

(
C̄−1 ⊙ C̄−1 − 1

3
C̄−1 ⊗ C̄−1

)]
+ 8γJ−

4
3

(
M− 1

3
Ī4C̄−1

)
⊗
(
M− 1

3
Ī4C̄−1

)
− 2αJ−

4
3 (M⊠ I+ I⊠M) : Isym

+ 4βJ−
4
3

[(
I− 1

3
Ī1C̄−1

)
⊗
(
M− 1

3
Ī4C̄−1

)
+

(
M− 1

3
Ī4C̄−1

)
⊗
(
I− 1

3
Ī1C̄−1

)]
+

2
3
αJ−

4
3

[(
MC̄+ C̄M− 2

3
Ī5C̄−1

)
⊗ C̄−1 + C̄−1 ⊗

(
MC̄+ C̄M− 2

3
Ī5C̄−1

)]
+

2
3
αJ−

4
3
(
MC̄+ C̄M

)
⊗ C̄−1 +

2
3
αJ−

4
3

(
C̄−1 ⊗

[
MC̄+ C̄M− 2

3
Ī5C̄−1

]
− 2̄I5

[
C̄−1 ⊙ C̄−1 − 1

3
C̄−1 ⊗ C̄−1

])
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=− 4
3
βJ−

4
3
(̄

I4 − 1
) [(

I− 1
3

Ī1C̄−1
)
⊗ C̄−1 + C̄−1 ⊗

(
I− 1

3
Ī1C̄−1

)
− Ī1

(
C̄−1 ⊙ C̄−1 − 1

3
C̄−1 ⊗ C̄−1

)]
− 4

3
J−

4
3
(
α+ β

[̄
I1 − 3

]
+ 2γ

[̄
I4 − 1

]) [(
M− 1

3
Ī4C̄−1

)
⊗ C̄−1 + C̄−1 ⊗

(
M− 1

3
Ī4C̄−1

)
−̄I4

(
C̄−1 ⊙ C̄−1 − 1

3
C̄−1 ⊗ C̄−1

)]
+ 8γJ−

4
3

(
M− 1

3
Ī4C̄−1

)
⊗
(
M− 1

3
Ī4C̄−1

)
− 2αJ−

4
3 (M⊠ I+ I⊠M) : Isym

+ 4βJ−
4
3

[(
I− 1

3
Ī1C̄−1

)
⊗
(
M− 1

3
Ī4C̄−1

)
+

(
M− 1

3
Ī4C̄−1

)
⊗
(
I− 1

3
Ī1C̄−1

)]
+

2
3
αJ−

4
3

[(
MC̄+ C̄M− 2

3
Ī5C̄−1

)
⊗ C̄−1 + C̄−1 ⊗

(
MC̄+ C̄M− 2

3
Ī5C̄−1

)]
+

2
3
αJ−

4
3

[(
MC̄+ C̄M

)
⊗ C̄−1 + C̄−1 ⊗

(
MC̄+ C̄M

)]
− 4

3
ᾱI5J−

4
3

(
1
3
C̄−1 ⊗ C̄−1 +

[
C̄−1 ⊙ C̄−1 − 1

3
C̄−1 ⊗ C̄−1

])

35



Anisotropic Material Elasticity Tensor (PK2)

=− 4
3
βJ−

4
3
(̄

I4 − 1
) [(

I− 1
3

Ī1C̄−1
)
⊗ C̄−1 + C̄−1 ⊗

(
I− 1

3
Ī1C̄−1

)
− Ī1

(
C̄−1 ⊙ C̄−1 − 1

3
C̄−1 ⊗ C̄−1

)]
− 4

3
J−

4
3
(
α+ β

[̄
I1 − 3

]
+ 2γ

[̄
I4 − 1

]) [(
M− 1

3
Ī4C̄−1

)
⊗ C̄−1 + C̄−1 ⊗

(
M− 1

3
Ī4C̄−1

)
−̄I4

(
C̄−1 ⊙ C̄−1 − 1

3
C̄−1 ⊗ C̄−1

)]
+ 8γJ−

4
3

(
M− 1

3
Ī4C̄−1

)
⊗
(
M− 1

3
Ī4C̄−1

)
− 2αJ−

4
3 (M⊠ I+ I⊠M) : Isym

+ 4βJ−
4
3

[(
I− 1

3
Ī1C̄−1

)
⊗
(
M− 1

3
Ī4C̄−1

)
+

(
M− 1

3
Ī4C̄−1

)
⊗
(
I− 1

3
Ī1C̄−1

)]
+

2
3
αJ−

4
3

[(
MC̄+ C̄M− 2

3
Ī5C̄−1

)
⊗ C̄−1 + C̄−1 ⊗

(
MC̄+ C̄M− 2

3
Ī5C̄−1

)]
+

2
3
αJ−

4
3

[(
MC̄+ C̄M

)
⊗ C̄−1 + C̄−1 ⊗

(
MC̄+ C̄M

)]
− 4

3
ᾱI5J−

4
3 C̄−1 ⊙ C̄−1 (46)
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The anisotropic material elasticity tensor with respect to Cauchy stresses Hσani is obtained from the
push-forward operation of Eqn. 40 to the current configuration

Hσani =
1
J
F
(
FHSaniFT

)
FT =

1
J

J−
4
3 F̄
(
F̄HSani F̄T

)
F̄T

=− 4
3J

β
(̄

I4 − 1
) [(

B̄− 1
3

Ī1I
)
⊗ I+ I⊗

(
B̄− 1

3
Ī1I
)
− Ī1

(
I⊙ I− 1

3
I⊗ I

)]
− 4

3J
(
α+ β

[̄
I1 − 3

]
+ 2γ

[̄
I4 − 1

]) [(
N̄− 1

3
Ī4I
)
⊗ I+ I⊗

(
N̄− 1

3
Ī4I
)
− Ī4

(
I⊙ I− 1

3
I⊗ I

)]
+

8
J
γ

(
N̄− 1

3
Ī4I
)
⊗
(
N̄− 1

3
Ī4I
)
− 2

J
α
(
N̄⊠ B̄+ B̄⊠ N̄

)
: Isym

+
4
J
β

[(
B̄− 1

3
Ī1I
)
⊗
(
N̄− 1

3
Ī4I
)
+

(
N̄− 1

3
Ī4I
)
⊗
(
B̄− 1

3
Ī1I
)]

+
2

3J
α

[(
N̄B̄+ B̄N̄− 2

3
Ī5I
)
⊗ I+ I⊗

(
N̄B̄+ B̄N̄− 2

3
Ī5I
)]

+
2

3J
α
[(
N̄B̄+ B̄N̄

)
⊗ I+ I⊗

(
N̄B̄+ B̄N̄

)]
− 4

3J
ᾱI5I⊙ I 37
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=− 4
3J

β
(̄

I4 − 1
) [

dev
(
B̄
)
⊗ I+ I⊗ dev

(
B̄
)
− Ī1

(
Isym − 1

3
I⊗ I

)]
− 4

3J
(
α+ β

[̄
I1 − 3

]
+ 2γ

[̄
I4 − 1

]) [
dev

(
N̄
)
⊗ I+ I⊗ dev

(
N̄
)
− Ī4

(
Isym − 1

3
I⊗ I

)]
+

8
J
γdev

(
N̄
)
⊗ dev

(
N̄
)
− 2

J
α
(
N̄⊠ B̄+ B̄⊠ N̄

)
: Isym

+
4
J
β
[

dev
(
B̄
)
⊗ dev

(
N̄
)
+ dev

(
N̄
)
⊗ dev

(
B̄
)]

+
2

3J
α
[(

dev
(
N̄B̄
)
+ dev

(
B̄N̄
))

⊗ I+ I⊗
(

dev
(
N̄B̄
)
+ dev

(
B̄N̄
))]

+
2

3J
α
[(
N̄B̄+ B̄N̄

)
⊗ I+ I⊗

(
N̄B̄+ B̄N̄

)]
− 4

3J
ᾱI5Isym (47)

This expression presents a major and a minor symmetry as expected.
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Alternatively, Eqn. 47 can be re-written in a more compact form as

Hσani =− 4
3J

β
(̄

I4 − 1
) [
B̄⊗ I+ I⊗ B̄− Ī1

(
Isym +

1
3
I⊗ I

)]
− 4

3J
(
α+ β

[̄
I1 − 3

]
+ 2γ

[̄
I4 − 1

]) [
N̄⊗ I+ I⊗ N̄− Ī4

(
Isym +

1
3
I⊗ I

)]
+

4
3J

α

[(
N̄B̄+ B̄N̄

)
⊗ I+ I⊗

(
N̄B̄+ B̄N̄

)
− Ī5

(
Isym +

2
3
I⊗ I

)]
+

8
J
γdev

(
N̄
)
⊗ dev

(
N̄
)

+
4
J
β
[

dev
(
B̄
)
⊗ dev

(
N̄
)
+ dev

(
N̄
)
⊗ dev

(
B̄
)]

− 2
J
α
(
N̄⊠ B̄+ B̄⊠ N̄

)
: Isym (48)
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Using Voigt’s notation, Eqn. 48 finally writes

Hσani
ijkl =− 4

3J
β
(̄

I4 − 1
) [

B̄ijδkl + δijB̄kl − Ī1

(
1
2
[δikδjl + δilδjk] +

1
3
δijδkl

)]
− 4

3J
(
α+ β

[̄
I1 − 3

]
+ 2γ

[̄
I4 − 1

]) [
N̄ijδkl + δijN̄kl − Ī4

(
1
2
[δikδjl + δilδjk] +

1
3
δijδkl

)]
+

4
3J

α

[(
N̄inB̄nj + B̄inN̄nj

)
δkl + δij

(
N̄knB̄nl + B̄knN̄nl

)
− Ī5

(
1
2
[δikδjl + δilδjk] +

2
3
δijδkl

)]
+

8
J
γ

(
N̄ij −

1
3

N̄nnδij

)(
N̄kl −

1
3

N̄nnδkl

)
+

4
J
β

[(
B̄ij −

1
3

B̄nnδij

)(
N̄kl −

1
3

N̄nnδkl

)
+

(
N̄ij −

1
3

N̄nnδij

)(
B̄kl −

1
3

B̄nnδkl

)]
− 1

J
α
(

N̄ikB̄jl + N̄ilB̄jk + B̄ikN̄jl + B̄ilN̄jk
)

(49)
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Alternative Strain-Energy Density Function

In their work, [Bonet and Burton, 1998] have expressed the following concerns with the
transversely isotropic component of the constitutive model (Eqn. 32):

"The transversely isotropic component is still that of the St.Venant model and is therefore linear with
respect to the Lagrangian strain tensor. This could still cause difficulties in large strain application (...)
In addition, (...) the resulting elasticity tensor in the deformed setting is not transversely isotropic."

42



Alternative Strain-Energy Density Function

To overcome these two concerns, they propose to replace the transversely isotropic component
(̄I1 − 3) of the strain energy function ψa with a term which is linear in C

ψa =
[
α+ β lnJ + γ

(̄
I4 − 1

)] (̄
I4 − 1

)
− 1

2
α(̄I5 − 1) (50)

which has been here written using the reduced invariants.

The anisotropic PK2 stress tensor Sani is obtained from the differentiation of ψa with respect to C̄ as
in Eqn. 11

Sani = 2J−
2
3

[
∂ψ̄

∂J
J
2
C̄−1 +

∂ψ̄

∂ Ī4
M+

∂ψ̄

∂ Ī5

(
MC̄+ C̄M

)]
(51)
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Anisotropic PK2 Stress Tensor

Managing each differential term separately

∂ψa

∂ Ī4
= α+ β lnJ + 2γ(̄I4 − 1) (52)

∂ψa

∂ Ī5
= −α

2
(53)

∂ψa

∂J
= −2

3
J−

5
3 I4

[
α+ β lnJ + γ

(̄
I4 − 1

)]
+

[
β

1
J
− 2

3
γJ−

5
3 I4

] (̄
I4 − 1

)
+

4
3
α

2
J−

7
3 I5

= −2
3

1
J

Ī4
[
α+ β lnJ + γ

(̄
I4 − 1

)]
+

1
J

[
β − 2

3
γ Ī4

] (̄
I4 − 1

)
+

2
3
α

J
Ī5 (54)
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Anisotropic PK2 Stress Tensor

and injecting those terms in Eqn. 51

Sani =2J−
2
3

[(
−2

3
1
J

Ī4
[
α+ β lnJ + γ

(̄
I4 − 1

)]
+

1
J

[
β − 2

3
γ Ī4

] (̄
I4 − 1

)
+

2
3
α

J
Ī5

)
J
2
C̄−1

+
(
α+ β lnJ + 2γ

[̄
I4 − 1

])
M− α

2
(
MC̄+ C̄M

) ]
=2J−

2
3

[(
−1

3
Ī4
[
α+ β lnJ + γ

(̄
I4 − 1

)]
+

[
1
2
β − 1

3
γ Ī4

] (̄
I4 − 1

)
+

1
3
ᾱI5

)
C̄−1

+
(
α+ β lnJ + 2γ

[̄
I4 − 1

])
M− α

2
(
MC̄+ C̄M

) ]
=2J−

2
3

[
1
2
β
(̄

I4 − 1
)
C̄−1 +

(
α+ β lnJ + 2γ

[̄
I4 − 1

])(
M− 1

3
Ī4C̄−1

)
− α

2

(
MC̄+ C̄M− 2

3
Ī5C̄−1

) ]
(55)
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Anisotropic Cauchy Stress Tensor

The anisotropic Cauchy stress tensor σani is obtained from the push-forward of Eqn. 55

σani =
1
J
FSaniFT =

1
J

J
2
3 F̄SaniF̄T

=
2
J

[
1
2
β
(̄

I4 − 1
)
F̄C̄−1F̄T +

(
α+ β lnJ + 2γ

[̄
I4 − 1

])(
F̄MF̄T − 1

3
Ī4F̄C̄−1F̄T

)
− α

2

(
F̄MC̄F̄T + F̄C̄MF̄T − 2

3
Ī5F̄C̄−1F̄T

) ]
=

2
J

[
1
2
β
(̄

I4 − 1
)
I+

(
α+ β lnJ + 2γ

[̄
I4 − 1

])(
N̄− 1

3
Ī4I
)
− α

2

(
N̄B̄+ B̄N̄− 2

3
Ī5I
) ]

=
β

J
(̄

I4 − 1
)
I+

2
J
(
α+ β lnJ + 2γ

[̄
I4 − 1

])
dev

(
N̄
)
− α

J
(

dev
(
N̄B̄

)
+ dev

(
B̄N̄

))
(56)
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Anisotropic Deviatoric Stress and Pressure

Eqn. 56 now contributes both to the deviatoric stress s

sani = dev (σani) =
2
J
(
α+ β lnJ + 2γ

[̄
I4 − 1

])
dev

(
N̄
)
− α

J
(

dev
(
N̄B̄

)
+ dev

(
B̄N̄

))
(57)

and to the anisotropic pressure contribution pani

pani =
tr (σani)

3
=
β

J
(̄

I4 − 1
)

(58)
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Anisotropic Material Elasticity Tensor (PK2)
The material elasticity tensor HSani is obtained from the differentiation of Eqn. 55

HSani = 2∂Sani

∂C
=2 ∂

∂C

(
2J−

2
3

[
β

2
(̄

I4 − 1
)
C̄−1 +

(
α+ β lnJ + 2γ

[̄
I4 − 1

])(
M− 1

3
Ī4C̄−1

)
−α

2

(
MC̄+ C̄M− 2

3
Ī5C̄−1

) ])
=4
[
β

2
(̄

I4 − 1
)
C̄−1 +

(
α+ β lnJ + 2γ

[̄
I4 − 1

])(
M− 1

3
Ī4C̄−1

)
−α

2

(
MC̄+ C̄M− 2

3
Ī5C̄−1

)]
⊗ ∂

∂C

(
J−

2
3

)
+ 2J−

2
3 β

∂

∂C

([̄
I4 − 1

]
C̄−1
)

+ 4J−
2
3
∂

∂C

([
α+ β lnJ + 2γ

(̄
I4 − 1

)] [
M− 1

3
Ī4C̄−1

])
− 2αJ−

2
3
∂

∂C

(
MC̄+ C̄M− 2

3
Ī5C̄−1

)
(59)

For clarity and conciseness, each terms from Eqn. 59 are derived separately hereafter (except for
terms that have already been derived in Eqn. 41 and Eqn. 44).
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Anisotropic Material Elasticity Tensor (PK2)

∂

∂C

([̄
I4 − 1

]
C̄−1
)

=C̄−1 ⊗ ∂

∂C
([̄

I4 − 1
])

+
(̄

I4 − 1
) ∂C̄−1

∂C

=C̄−1 ⊗

(
∂
(̄

I4 − 1
)

∂J
J
2
C−1 +

∂
(̄

I4 − 1
)

∂I4
M

)
− J−

2
3
(̄

I4 − 1
)(

C̄−1 ⊙ C̄−1 − 1
3
C̄−1 ⊗ C̄−1

)
=C̄−1 ⊗

(
−2

3
J−

5
3 I4

J
2
C−1 + J−

2
3M
)
− J−

2
3
(̄

I4 − 1
)(

C̄−1 ⊙ C̄−1 − 1
3
C̄−1 ⊗ C̄−1

)
=J−

2
3

[
C̄−1 ⊗

(
M− 1

3
Ī4C̄−1

)
−
(̄

I4 − 1
)(

C̄−1 ⊙ C̄−1 − 1
3
C̄−1 ⊗ C̄−1

)]
(60)

49



Anisotropic Material Elasticity Tensor (PK2)

∂

∂C

([
α+ β lnJ + 2γ

(̄
I4 − 1

)] [
M− 1

3
Ī4C̄−1

])
=

(
M− 1

3
Ī4C̄−1

)
⊗ ∂

∂C

(
α+ β lnJ + 2γ

[̄
I4 − 1

])
+

(
α+ β lnJ + 2γ

[̄
I4 − 1

]) ∂

∂C

(
M− 1

3
Ī4C̄−1

)
=

(
M− 1

3
Ī4C̄−1

)
⊗

(
β
∂ (lnJ)
∂C

+ 2γ
∂
(̄

I4 − 1
)

∂C

)

+

(
α+ β lnJ + 2γ

[̄
I4 − 1

])(∂M
∂C

− 1
3

[
C̄−1 ⊗ ∂ Ī4

∂C
+ Ī4

∂C̄−1

∂C

])
=

(
M− 1

3
Ī4C̄−1

)
⊗
(
β
∂ (lnJ)
∂J

J
2
C−1 + 2γ

[
∂(̄I4 − 1)

∂I4
M+

∂(̄I4 − 1)
∂J

J
2
C−1
])

− 1
3

(
α+ β lnJ + 2γ

[̄
I4 − 1

])(
C̄−1 ⊗

[
∂ Ī4

∂I4
M+

∂ Ī4

∂J
J
2
C−1
]
+ Ī4

∂C̄−1

∂C̄
:
∂C̄
∂C

)
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Anisotropic Material Elasticity Tensor (PK2)

=

(
M− 1

3
Ī4C̄−1

)
⊗
(
β

1
J

J
2
C−1 + 2γ

[
J−

2
3M− 2

3
J−

5
3 I4

J
2
C−1
])

− 1
3

(
α+ β lnJ + 2γ

[̄
I4 − 1

])(
C̄−1 ⊗

[
J−

2
3M− 2

3
J−

5
3 I4

J
2
C−1
]
+ J−

2
3 Ī4

∂C̄−1

∂C̄
:

[
Isym − 1

3
C̄⊗ C̄−1

])
=J−

2
3

(
M− 1

3
Ī4C̄−1

)
⊗
(
β

2
C̄−1 + 2γ

[
M− 1

3
Ī4C̄−1

])
− 1

3
J−

2
3

(
α+ β lnJ + 2γ

[̄
I4 − 1

])(
C̄−1 ⊗

[
M− 1

3
Ī4C̄−1

]
− Ī4

[
C̄−1 ⊙ C̄−1 − 1

3
C̄−1 ⊗ C̄−1

])
(61)
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Anisotropic Material Elasticity Tensor (PK2)
Inserting the terms back in Eqn. 59, the anisotropic material elasticity tensor HSani finally writes

HSani =4
[
β

2
(̄

I4 − 1
)
C̄−1 +

(
α+ β lnJ + 2γ

[̄
I4 − 1

])(
M− 1

3
Ī4C̄−1

)
−α

2

(
MC̄+ C̄M− 2

3
Ī5C̄−1

)]
⊗
(
−1

3
J−

4
3 C̄−1

)
+ 2J−

2
3 β

(
J−

2
3

[
1
2
(̄

I4 − 1
)
C̄−1 ⊗ C̄−1

+C̄−1 ⊗
(
M− 1

3
Ī4C̄−1

)
−
(̄

I4 − 1
)(

C̄−1 ⊙ C̄−1 − 1
3
C̄−1 ⊗ C̄−1

)])
+ 4J−

2
3

[
J−

2
3

(
M− 1

3
Ī4C̄−1

)
⊗
(
β

2
C̄−1 + 2γ

[
M− 1

3
Ī4C̄−1

])
−1

3
J−

2
3

(
α+ β lnJ + 2γ

[̄
I4 − 1

])(
C̄−1 ⊗

[
M− 1

3
Ī4C̄−1

]
− Ī4

[
C̄−1 ⊙ C̄−1 − 1

3
C̄−1 ⊗ C̄−1

])]
− 2αJ−

2
3

[
J−

2
3 (M⊠ I+ I⊠M) : Isym − 1

3
J−

2
3
(
MC̄+ C̄M

)
⊗ C̄−1 − 2

3
J−

2
3

(
C̄−1 ⊗

[
MC̄+ C̄M− 2

3
Ī5C̄−1

]
−̄I5

[
C̄−1 ⊙ C̄−1 − 1

3
C̄−1 ⊗ C̄−1

])]
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Anisotropic Material Elasticity Tensor (PK2)

=− 2
3

J−
4
3 β
(̄

I4 − 1
)
C̄−1 ⊗ C̄−1 − 4

3
J−

4
3
(
α+ β lnJ + 2γ

[̄
I4 − 1

])(
M− 1

3
Ī4C̄−1

)
⊗ C̄−1

+
2
3

J−
4
3 α

(
MC̄+ C̄M− 2

3
Ī5C̄−1

)
⊗ C̄−1 + J−

4
3 β
(̄

I4 − 1
)
C̄−1 ⊗ C̄−1

+ 2J−
4
3 βC̄−1 ⊗

(
M− 1

3
Ī4C̄−1

)
− 2J−

4
3 β
(̄

I4 − 1
)(

C̄−1 ⊙ C̄−1 − 1
3
C̄−1 ⊗ C̄−1

)
+ 2J−

4
3 β

(
M− 1

3
Ī4C̄−1

)
⊗ C̄−1 + 8J−

4
3 γ

(
M− 1

3
Ī4C̄−1

)
⊗
(
M− 1

3
Ī4C̄−1

)
− 4

3
J−

4
3

(
α+ β lnJ + 2γ

[̄
I4 − 1

])(
C̄−1 ⊗

[
M− 1

3
Ī4C̄−1

]
− Ī4

[
C̄−1 ⊙ C̄−1 − 1

3
C̄−1 ⊗ C̄−1

])
− 2J−

4
3 α (M⊠ I+ I⊠M) : Isym +

2
3

J−
4
3 α
(
MC̄+ C̄M

)
⊗ C̄−1

+
4
3

J−
4
3 α

(
C̄−1 ⊗

[
MC̄+ C̄M− 2

3
Ī5C̄−1

]
− Ī5

[
C̄−1 ⊙ C̄−1 − 1

3
C̄−1 ⊗ C̄−1

])
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Anisotropic Material Elasticity Tensor (PK2)

=2βJ−
4
3

[(
M− 1

3
Ī4C̄−1

)
⊗ C̄−1 + C̄−1 ⊗

(
M− 1

3
Ī4C̄−1

)]
+ 8γJ−

4
3

(
M− 1

3
Ī4C̄−1

)
⊗
(
M− 1

3
Ī4C̄−1

)
+ J−

4
3 β
(̄

I4 − 1
) [
C̄−1 ⊗ C̄−1 − 2

3
C̄−1 ⊗ C̄−1 +

2
3
C̄−1 ⊗ C̄−1 − 2C̄−1 ⊙ C̄−1

]
− 4

3
J−

4
3

[
α+ β lnJ + 2γ

(̄
I4 − 1

)] [
C̄−1 ⊗

(
M− 1

3
Ī4C̄−1

)
+

(
M− 1

3
Ī4C̄−1

)
⊗ C̄−1

−̄I4

(
C̄−1 ⊙ C̄−1 − 1

3
C̄−1 ⊗ C̄−1

)]
− 2αJ−

4
3 (M⊠ I+ I⊠M) : Isym

+
4
3
αJ−

4
3

[(
MC̄+ C̄M

)
⊗ C̄−1 + C̄−1 ⊗

(
MC̄+ C̄M

)
− Ī5

(
C̄−1 ⊙ C̄−1 +

2
3
C̄−1 ⊗ C̄−1

)]
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Anisotropic Material Elasticity Tensor (PK2)

=2βJ−
4
3

[(
M− 1

3
Ī4C̄−1

)
⊗ C̄−1 + C̄−1 ⊗

(
M− 1

3
Ī4C̄−1

)]
+ 8γJ−

4
3

(
M− 1

3
Ī4C̄−1

)
⊗
(
M− 1

3
Ī4C̄−1

)
− 2J−

4
3 β
(̄

I4 − 1
) [
C̄−1 ⊙ C̄−1 − 1

2
C̄−1 ⊗ C̄−1

]
− 4

3
J−

4
3

[
α+ β lnJ + 2γ

(̄
I4 − 1

)] [
C̄−1 ⊗

(
M− 1

3
Ī4C̄−1

)
+

(
M− 1

3
Ī4C̄−1

)
⊗ C̄−1

−̄I4

(
C̄−1 ⊙ C̄−1 − 1

3
C̄−1 ⊗ C̄−1

)]
− 2αJ−

4
3 (M⊠ I+ I⊠M) : Isym

+
4
3
αJ−

4
3

[(
MC̄+ C̄M

)
⊗ C̄−1 + C̄−1 ⊗

(
MC̄+ C̄M

)
− Ī5

(
C̄−1 ⊙ C̄−1 +

2
3
C̄−1 ⊗ C̄−1

)]
(62)
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Anisotropic Material Elasticity Tensor (Cauchy)

The anisotropic material elasticity tensor with respect to Cauchy stresses Hσani is obtained from the
push-forward operation of Eqn. 62 to the current configuration

Hσani =
1
J
F
(
FHSaniFT) FT =

1
J

J−
4
3 F̄

(
F̄HSani F̄T) F̄T

=2
β

J

[(
N̄− 1

3
Ī4I
)
⊗ I+ I⊗

(
N̄− 1

3
Ī4I
)]

+
8
J
γ

(
N̄− 1

3
Ī4I
)
⊗
(
N̄− 1

3
Ī4I
)

− β

J
(̄

I4 − 1
)
[2Isym − I⊗ I]

− 4
3J

[
α+ β lnJ + 2γ

(̄
I4 − 1

)] [
I⊗

(
N̄− 1

3
Ī4I
)
+

(
N̄− 1

3
Ī4I
)
⊗ I

−̄I4

(
Isym − 1

3
I⊗ I

)]
− 2

J
α
(
N̄⊠ B̄+ B̄⊠ N̄

)
: Isym

+
4

3J
α

[(
N̄B̄+ B̄N̄

)
⊗ I+ I⊗

(
N̄B̄+ B̄N̄

)
− Ī5

(
Isym +

2
3
I⊗ I

)]
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Anisotropic Material Elasticity Tensor (Cauchy)

=2
β

J
[

dev
(
N̄
)
⊗ I+ I⊗ dev

(
N̄
)]

+
8
J
γdev

(
N̄
)
⊗ dev

(
N̄
)
− 2

J
α
(
N̄⊠ B̄+ B̄⊠ N̄

)
: Isym

− β

J
(̄

I4 − 1
)
[2Isym − I⊗ I]

− 4
3J

[
α+ β lnJ + 2γ

(̄
I4 − 1

)] [
I⊗ N̄+ N̄⊗ I− Ī4

(
Isym +

1
3
I⊗ I

)]
+

4
3J
α

[(
N̄B̄+ B̄N̄

)
⊗ I+ I⊗

(
N̄B̄+ B̄N̄

)
− Ī5

(
Isym +

2
3
I⊗ I

)]
(63)
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Anisotropic Material Elasticity Tensor (Cauchy)

Using Voigt’s notation, Eqn. 63 finally writes

Hσani
ijkl =2β

J

[(
N̄ij −

1
3

N̄nnδij

)
δkl + δij

(
N̄kl −

1
3

N̄nnδkl

)]
+

8
J
γ

(
N̄ij −

1
3

N̄nnδij

)(
N̄kl −

1
3

N̄nnδkl

)
− 1

J
α
(

N̄ikB̄jl + N̄ilB̄jk + B̄ikN̄jl + B̄ilN̄jk
)
− β

J
(̄

I4 − 1
)
[δikδjl + δilδjk − δijδkl]

− 4
3J

[
α+ β lnJ + 2γ

(̄
I4 − 1

)] [
N̄ijδkl + δijN̄kl − Ī4

(
1
2
[δikδjl + δilδjk] +

1
3
δijδkl

)]
+

4
3J

α

[(
N̄inB̄nj + B̄inN̄nj

)
δkl + δij

(
N̄knB̄nl + B̄knN̄nl

)
− Ī5

(
1
2
[δikδjl + δilδjk] +

2
3
δijδkl

)]
(64)
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Anisotropic Material Elasticity Tensor (Cauchy)

Taking into account the deviatoric/volumetric split in Metafor, the anisotropic material elasticity
tensor can be separated into its deviatoric contribution Hσani

dev

Hσani
dev =2

β

J
dev

(
N̄
)
⊗ I+

8
J
γ dev

(
N̄
)
⊗ dev

(
N̄
)
− 2

J
α
(
N̄⊠ B̄+ B̄⊠ N̄

)
: Isym

− 4
3J

[
α+ β lnJ + 2γ

(̄
I4 − 1

)] [
I⊗ N̄+ N̄⊗ I− Ī4

(
Isym +

1
3
I⊗ I

)]
+

4
3J
α

[(
N̄B̄+ B̄N̄

)
⊗ I+ I⊗

(
N̄B̄+ B̄N̄

)
− Ī5

(
Isym +

2
3
I⊗ I

)]
(65)

and its volumetric contribution Hσani
vol

Hσani
vol =2

β

J
I⊗ dev

(
N̄
)
− β

J
(̄

I4 − 1
)
[2Isym − I⊗ I]

=2
β

J
I⊗ dev

(
N̄
)
+ pani [I⊗ I− 2Isym] (66)
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Strain-Energy Density Function

The (general) strain-energy density function for a Yeoh material writes [3]

ψYeoh(̄I1, J) = C1(̄I1 − 3) + C2(̄I1 − 3)2 + C3(̄I1 − 3)3 + kf(J) = ψdev (̄I1) + ψvol(J) (67)

In this case, we will focus solely on the deviatoric part ψdev, hence ommiting the kf(J) term.
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PK2 and Cauchy Stress Tensors

The deviatoric part of the PK2 stress tensor Siso is obtained from the differentiation of Eqn. 67 with
respect to C̄

Sdev =2J−
2
3
∂ψdev

∂C̄
= 2J−

2
3

[
∂ψdev

∂ Ī1
I+

∂ψdev

∂J
J
2
C̄−1

]
=2J−

2
3
[

C1 + 2C2(̄I1 − 3) + 3C3(̄I1 − 3)2](I− 1
3

Ī1C̄−1
)

(68)

The deviatoric part of the Cauchy stress tensor σ is obtained from the push-forward of Eqn. 68

σdev =
1
J
FSdevFT =

2
J
[

C1 + 2C2(̄I1 − 3) + 3C3(̄I1 − 3)2] dev
(
B̄
)

(69)
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Material Elasticity Tensor (PK2)
The deviatoric part of the material elasticity tensor HS

dev writes

HS
dev = 2∂S

dev

∂C
=4
[

C1 + 2C2(̄I1 − 3) + 3C3(̄I1 − 3)2
](

I− 1
3

Ī1C̄−1
)
⊗ ∂

∂C

(
J−

2
3

)
+ 4J−

2
3

(
I− 1

3
Ī1C̄−1

)
⊗ ∂

∂C

(
C1 + 2C2(̄I1 − 3) + 3C3(̄I1 − 3)2

)
+ 4J−

2
3

[
C1 + 2C2(̄I1 − 3) + 3C3(̄I1 − 3)2

] ∂

∂C

(
I− 1

3
Ī1C̄−1

)
=4
[

C1 + 2C2(̄I1 − 3) + 3C3(̄I1 − 3)2
](

I− 1
3

Ī1C̄−1
)
⊗
(
− 2

3
J−

5
3

J
2
C−1
)

+ 4J−
2
3

(
I− 1

3
Ī1C̄−1

)
⊗
[
∂

∂I1

(
C1 + 2C2(̄I1 − 3) + 3C3(̄I1 − 3)2

)
I

+
∂

∂J

(
C1 + 2C2(̄I1 − 3) + 3C3(̄I1 − 3)2

)
J
2
C−1
]

− 4
3

J−
2
3

[
C1 + 2C2(̄I1 − 3) + 3C3(̄I1 − 3)2

] [
C̄−1 ⊗

(
∂ Ī1

∂I1
I+

∂ Ī1

∂J
J
2
C−1
)
+ Ī1

∂C̄−1

∂C

]
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Material Elasticity Tensor (PK2)

=− 4
3

J−
4
3

[
C1 + 2C2(̄I1 − 3) + 3C3(̄I1 − 3)2

](
I− 1

3
Ī1C̄−1

)
⊗ C̄−1

+ 4J−
4
3
[

2C2 + 6C3(̄I1 − 3)
](
I− 1

3
Ī1C̄−1

)
⊗
(
I− 1

3
Ī1C̄−1

)
− 4

3
J−

4
3

[
C1 + 2C2(̄I1 − 3) + 3C3(̄I1 − 3)2

](
C̄−1 ⊗

(
I− 1

3
Ī1C̄−1

)
− Ī1

[
C̄−1 ⊙ C̄−1 − 1

3
C̄−1 ⊗ C̄−1

])
=− 4

3
J−

4
3

[
C1 + 2C2(̄I1 − 3) + 3C3(̄I1 − 3)2

](
I⊗ C̄−1 + C̄−1 ⊗ I− Ī1

[
C̄−1 ⊙ C̄−1 +

1
3
C̄−1 ⊗ C̄−1

])
+ 4J−

4
3
[

2C2 + 6C3(̄I1 − 3)
](
I− 1

3
Ī1C̄−1

)
⊗
(
I− 1

3
Ī1C̄−1

)
(70)
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Material Elasticity Tensor (Cauchy)

The deviatoric part of the isotropic material elasticity tensor with respect to Cauchy stresses Hσ
dev is

obtained from the push-forward operation of Eqn. 70 to the current configuration

Hσiso
dev =

1
J
F
(
FHS

devF
T) FT =

1
J

J−
4
3 F̄

(
F̄HS

devF̄
T) F̄T

=− 4
3J

[
C1 + 2C2(̄I1 − 3) + 3C3(̄I1 − 3)2](I⊗ B̄+ B̄⊗ I− Ī1

[
Isym +

1
3
I⊗ I

])
+

4
J
[

2C2 + 6C3(̄I1 − 3)
](
B̄− 1

3
Ī1I
)
⊗
(
B̄− 1

3
Ī1I
)

=− 4
3J

[
C1 + 2C2(̄I1 − 3) + 3C3(̄I1 − 3)2](I⊗ B̄+ B̄⊗ I− Ī1

[
Isym +

1
3
I⊗ I

])
+

4
J
[

2C2 + 6C3(̄I1 − 3)
]

dev
(
B̄
)
⊗ dev

(
B̄
)

(71)

This expression presents a major and a minor symmetry as expected.
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