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General Expressions

Considering a

solid under large

displacements and strains, let a; denote the
of orthotropy in the undeformed config-

uration.

Let’s also introduce the
M=a0®ao.

<&’

E X;

EI .
X, time = 0

[Bonet and Burton, 1998]



General Expressions

The total writes

w = w(/h /27J7 /47 /5):

with the introduction of
the right Cauchy-Green tensor C defined by

/4:tr(CM):C:M:a0-Ca0
Is =tr (C°M) = C*: M = ap - C’ag
I4 corresponds to the

whereas /s is related to the
the direction orthogonal to ag.

<&’

X, time = 0

[Bonet and Burton, 1998]



PK2 Stress Tensor

The general expression of the

ov _,[ovoh
ocC 0l oC

Using the following expressions for the

o 0l
e =" 5e=n-c|

the PK2 stress tensor can be written as

S writes

ov ol v 01
0l, 0C ~ 9J 0C

o J Dy
ac 2 ac

s:z[(w+a¢/>|—wc+ch—l+

al, Akt

ol oJ 2

=-Cc*t| =

o ol 9 s
0l, 0C  dls OC

ol
=M | a%:MCJFCM

o o
—M+—(M M
o, + 8/5( C+C )
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Isotropic/Anisotropic Split of Potential

Without loss of generality, the potential 1) can be decomposed into an
an g as

w(/lv /27J7 /47 /5) - wi(/h IZ;J) + qZ)(I(lla /27J7 l47 /5)7

and consequently, the PK2 stress tensor can also be decomposed in an
and an S, as

3%‘ 8¢a ]



Deviatoric/Volumetric Split of Deformation Gradient &

Using the of the total deformation gradient F from [Flory, 1961]
. E = (detF)* I = JiI
F_BF, with ¢ (CePI=S1 (9)
F = (detF) " F = J75F

the strain-energy density function v) can be written in terms of the

Starting from Eqn. 6, the S now writes

L 1/0F 03-\. 0% 0FJ.., 0B, 00 ... -
s=2/ Ka/ﬁa/z 1) 7, ¢t 92¢ Mt g, Mercm) (1)
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Transversely Isotropic St. Venant Model

For the isotropic contribution 1;, the writes
1 GL\2 GL . gGL
¢i:§/\(trE )"+ pES CES

where E® is the Green-Lagrange strain tensor, A and 1 (or G) are related to the
as

Ev E
Maaaow M0

with Young modulus E and Poisson ratio v.

<&’

(12)

(13)
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Transversely Isotropic St. Venant Model &

The simplest 1q that satisfies the requirements of resultingin a
whilts providing enough material constants to reproduce the
is given as [Bonet and Burton, 1998]

1
wa:[044-5(/1—3)4‘7(/4—1)](/4—1)—504(/5—1)7 (14)
where the different constants are related to the with
E(v + nv?) E Ev?(1—n)
miry) | Mgy | eTHmC I =iy (15)
E,(1 — A+2 E
v = "(8my)— +8”+%—5 | m=1-—v—2m? | n:f" (16)

The subscript a denotes the material properties in the



Transversely Isotropic St. Venant Model

Note that when the material is , we have

E
n:f"zl | m=1-v—-2m?=(1+v)1-2v)

leading to the following constant values

E(v+m?) Ev _E B B
it Gxoa-w) | Mo aaayy | amrm0=0
_EV(1—n) CEQ-v) A2p o« B
b =amisn) 0 7T Tem T 270

which is to the model.
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Transversely Isotropic St. Venant Model &
For the model, the S finally writes
_ <. _ a¢l 3%
S_S'+Sa_28C +28C

= Atr (E®) 1+ 2pE% +28(ls — DI+ 2[a+ B (It —3) + 27 (Is — 1)]M — o (CM + MC)  (20)
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Isotropic Strain-Energy Density Function &
The (general) strain-energy density for an isotropic material writes
_ i~ A -

Yi(h,J) = E(/l -3)+ Ef(J) = Ci(h — 3) + Kf(J) (21)
Note that compared to [Bonet and Burton, 1998], the "—u ln J" is not required due to
the use of
For [Bonet and Burton, 1998], the of the strain-energy density function writes

A 2
Kf(J) = (- 1) (22)
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Isotropic PK2 and Cauchy Stress Tensors &
The isotropic Si, is obtained from the differentiation of v; with respect to € as in
Eqn. 11
2 O O d _2 Bos Jo
S, — 2J [aﬂ”anc ] —2 [|+( Lol + Al l])i
— 3 i _ ¢!
—J [/u + ( ST+ M 1]) ¢ } (23)
The isotropic Tiso is obtained from the push-forward of Eqn. 23
1o T?Ji% T (M5 B F1pT
Tso = SFSioFT = = [uFlF +< ST+ M 1]) FC'F }

_2
3

2 1
I (<A - 1]) F(FF)IF
J =

k\"; ~I=

B §%/1I+>\( ):%dev(B)—#)\(J—l)l (24)
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Isotropic Deviatoric Stress and Pressure

From Eqn. 24, the isotropic contribution s;s, writes

Siso = dev (ois) = %dev (B),

and the isotropic contribution pjs, writes
tr (o;
Piso = (3150) =A(J—1).

%

(26)
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Isotropic Material Elasticity Tensor (PK2) &
The isotropic HS# is obtained from the differentiation of Eqn. 23
0S; o8yl osdev _ _
Siso __ Iso __ iso iso __ T1Siso Siso
H _28C _2<8C + ac>—Hvo,+Hdev (27)

using the splitin the HZ@; and the

Hfg;’ The volumetric part will not be computed since it is not relevant

for Metafor.
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Isotropic Material Elasticity Tensor (PK2) &

1- -, 2 _s5sJ__ 2 8/1 8/1 - ((9C !
= _Z %32 2 7|_~_ et

4 1- -1 -1 2 —2 (=3 —2 =1 1- 1 - 8(_:71 Bé

=—ZpJ (1= Z1C cC'—Zuwifc J731+¢C —Zn|c h— —
1 < 3 1 ) ® 3,LL ( ® + & { 3 1} + oc ac

4 1- - ~ 1 2 4 1- - _oct m 1z =

= Zur <|—§1c 1>®c l—gw §<c 'g {I—gllc 1} +’laaa : {H‘y -3¢ec ID
o _ _ 1- - - [ _ 1,  =_

=—Zp (I — % 1c*1) ®C - %uf% (c*@ {I - §/lc*l} -1 [c*l@c*l -3¢ 'gcC ID

—2 1- -, -1 | #-1 1- - s g1 =21 1o 2
=—Zuls |—§/1c ®C " +C ® |—§1c —-Li{COoC —gc ®C (28)
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Isotropic Material Elasticity Tensor (Cauchy)

The deviatoric part of the isotropic material elasticity tensor with respect to
operation of Eqn. 28 to the

is obtained from the

dev

2p

3J

w\N w\N

oy
J
ey
J

This expression presents a

1
Hy = (FHSF) P
B—EII I+I® Eflh -1 |®|f5|®|
3! 3! ! 3
1
I — Z1e1) —
ACEEED
1
"+ Z1@1) —
(o o)

and a

(dev [B] ® 1+ 1® dev [B])

(BeI1+1xB)

as expected.

<&’

Halsc

dev
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Isotropic Part of the Material Elasticity Tensor (Cauchyis

Using , Eqn. 30 finally writes
on 2= 1 1 2 = .
Hy = §%Bmm (2 [5i15jk + Oidir + 35/‘/‘5k1D - g% (Bjjws + 8ijB) (31)
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Anisotropic Strain-Energy Density Function &
For the contribution to the strain-energy density function, Eqn. 14 from [Bonet and
Burton, 1998] is re-written in terms of the , hence
1

vo=[a+B8(h=3)+7(a—1)] (s =1) = Sa(-1), (32)
The anisotropic S.ni is obtained from the differentiation of 1, with respect to € as
in Egn. 11

2 [0Y 0P J 81/) o~
ni =2 == =M+ —= (M M
Sq J A +anC +a/4 +a/5( C+CMm) (33)

20



Anisotropic PK2 Stress Tensor &

Managing each differential term separately

Ma _ 7
A = B(ls — 1) (34)
O =a+ 80, —3)+2v(, — 1) (35)
Oly
3%7 o
als 2 %6)
Ny 2 s 2 s 2 s da 7
(;6 =37 [a+B8(L—-3)+v(L—1)]+ —38Ih =3 04—1)+§%J 3ls
21 21, - - 2 a-
= —5314 [04-5-5(71 —3) +’Y(74 - 1)} ~37 [ﬁll+7/4] (74 - 1) + g%/s (37)

21



Anisotropic PK2 Stress Tensor &

and injecting those terms in Eqn. 33

Sani =2J E

2«
3J

21-
=2,

'5(74_1)|+< 2 ot 80 -3) 4y (-] - 23 [8h + 1] (- 1)

+75> ;Cl+(a+6ﬁ13]+27ﬁ41])Mz(MEJrCM)]

=2J73

2

-1+ (—;74 o+~ 3) + (1] 3 [31 +47] (1~ 1)

)€ (k-3 420 a1 M- G (ME+ M) |

=2J"3

:5(74 -1 (' - ;715_1) +(a+ B[ —3] +2y [l —1]) (M = ;74(:—1>

- % (Mé +CM— ;7561> } (38)
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Anisotropic Cauchy Stress Tensor &

o qni is obtained from the push-forward of Eqn. 38

Al =1) (F'FT B %Méflﬂ) +(a+ B [h=3] +2v [l —1]) (FMFT - %LFE*FT)

The anisotropic

1
Oani = stan,-FT —2J73

B(0s — 1) (B— %71J%I> +(a+ B -3 +2v[L—1]) <N— %LJ%I)

|

% (FMCF + FCMFT — 3/5FC_1F ) }
|
(

=2J
—% FME'FF" + FFFMF — 7/5J3I> ]
2 - 1- _1-
=3 {ﬁ(lrl) (Bfglll) +(a+pB[h=3]+2y[a—1]) (Nfgm)
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Anisotropic Cauchy Stress Tensor &

—;‘(N§+§ _gsu)]
-2 [ﬁ@—l)dev(ﬁ)nt(a—kﬂﬁl—lﬂ + 24 [Is — 1]) dev (R)
~ % (dev () + dev (EN))} (39)

Eqgn. 39 only contributes to the s.
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Anisotropic Material Elasticity Tensor (PK2) &

The anisotropic 3= is obtained from the differentiation of Eqn. 38

. 8ng' 0 _2 —~ 1- - 1- —_
HSen — 2 3¢ —25¢ <2J E [5(/4 —-1) (I - 3he 1) + (a+B[h—3]+2v[la—1]) (M - 3he 1)

=4 {5(’4 -1) (l - %715_1) +(a+B[h-3]+2y[L—1)) (M - %746—1)
- % (ME + oM — %EE*) } ® a% (J’§> + 4J*§a¥aC <ﬂ[74 —1] {I - %716*1})
+4J” 3% ([a+ﬁ(7173) +27 (la —1)] {Mf %746*1])

_2 0 = - 2——_1
—2a 3— [MC+CM — —/5C 40
o 3ac( rem- 2, ) (40)

For clarity, each terms from Eqn. 40 are derived separately hereafter.
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% (5[74 —1] [I - %71?:‘1])

- = o} 1o} 1- -
hC l>®&04_1)+5(74—1)%<|—§/1(: l)

(-3
ol liza a—1)J 1 (s —1) N 1[=, oL -oct
*’6(' 3¢ )®( o 25 T M)+50471)(%75{c ©ocTh GCD

1

(-3

- 2 s J__ _2 1 ~_ oL, ohJ_,] -0Ct oc
=6 (1-Znc! —ZJy 3t M) —Z8(s—1 ‘o |24+ ==2c¢? =
g ! )®( 37 Tyt ) 30 (e )(C ®{a/1'+éu2c ThoE e
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Anisotropic Material Elasticity Tensor (PK2) &

1- =1 1 2 —1 2 1 =1 2 2 _s5J 1
=B (1- 3T —2J73 M) -8 —1 ] N |
6( 3he )@( 37 e+ ) 3B (e )(c ®{J 37 zlc]

_2- 0C! 1. -
J (I — ZC®C!
e e tewe))
—srifi-he e (m-tne) - s -v) (e s - Lrtne
3 3 3 3
e [é—l ot leve <‘:-1D

_2 1- -1 1- =1 1 2 =1 1- -1
=pJ"3 (I—gllc >®<M—§I4C )—gﬁJ 3(la—1) (c ® [I—gllc ]

I [E*l vt - leve E*lb (42)
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Anisotropic Material Elasticity Tensor (PK2) &

%([(wrﬂ( 3) +2y (. — 1)] {M—EEE‘ID

(M_?“E )®a%(a+/3r 3] +2y [ - 1}) (oHrﬁUl 3 +2y [l — 1])(;1(M %745*1)
:(M—%hé*l)@(ﬂ (lac 3)+2 (lac 1))+(a+ﬂﬁl—3]+2yf4—1}> (g'g

_lé ®ﬂ+/(9c7
3 oc oc

_ (M B %746‘1> . (6 {a(/al1 3)|+ 8(715); 3) %c_ ] L2y {8(787 1)M n 6(748; 1)%C_1D

als Ol J } oct 6(‘:)

1 -
—§<a+ﬁﬁl—3]+zvﬁ4—1]) (c @{a/ M+E§C e 5¢
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Anisotropic Material Elasticity Tensor (PK2) &

1- =1 2 2 s J 1 2 2 s J 1
— (M- 27 £ [y PR ot R VN ek £ V Rk

1 . 2 2 s J__ _2-9C7! 1= -
—§<a+ﬂﬁl—3]+27p4—l]) (c '® [J M- 2J 3/4§c 1} + [Hsy’"—§C®C 1D

oc

3 (m-die ) o (51— dne | 42y m-die))

S G e R D N el TR B e L L
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Anisotropic Material Elasticity Tensor (PK2) &
% (ME +CM — %756*1)
:(Mxl):%ﬂlxé) : g—“c"+(éxl) : g—g-&-(l&M):%—%(é_l@%ﬁ-Eag; )
=SS (MEI+1EM) (Hsy”’ - %é@éfl) - % (571 ® {%%Cil + %ZZ(MC+CM)] +75% : %ﬁ)
= (MEI+IKM): (Hsy’" - %E@é*) - % (é‘l ® {—%J‘%lsgc‘l +J‘§(MC+CM)}
+J*§75% : [HW - %é® 5*1}
(44)
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Anisotropic Material Elasticity Tensor (PK2)

=SS (MRI+1EM) <W”—%C® *1>—

wIN

_ > - _
(c*l ® [—gJ*§/5c*1 +J3(ME + CM)]

(o
i, {é*l st -lee é*l} )

= (MEI+IXM) (Jlsy”b %E@E‘l) - %J 5 (c ® {M(_:+(_1Mf %756‘1}
—Is |C @C‘l—fc*@é‘l)
_2 sym 12 = = ~_1 2 P 2- 24
=S S(MEI+1XM): T —gJ 5(MC+CM)®C -3 N MC + M — 275C
T |-l ~F 1- -71_

<&’
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Anisotropic Material Elasticity Tensor (PK2)

Inserting these terms back in Eqn. 40, the anisotropic

H =4 {5(74 -1) (I - %716*1) + (a+B[h—3] +2y[la—1]) (M - %746*1)
-2 <M<':+ ™ - %756*1) ] ® (—%J*%é*) 478 | (I ~ e
Lot (é*l ® {u - %716*1} = [E*l ot ltte E*lb]
1473 [J‘% (M - %746‘1> ® (ﬂ {I - %71(:‘1} +2y {M - %746—1

|
i (e sh-3 2 f-1)) (e - dne] -n e

©
- . i s e .
— 20475 [J*%(M®I+I®M):]I5ymf§f%(MC+CM)®C lng §(c 1®[MC+CM7515C 1}

7 [é—l ot leve é—l] )}

<&’
%

HS=i finally writes
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Anisotropic Material Elasticity Tensor (PK2) &
=- gﬁf%@ - 1) (I - %716‘1> ®C— ?‘3 (a+B[h—3]+2y[la—1]) (M - %74(:‘1) ®Ct
4 %oaJ_% (ME L CM— %756‘1> ®C L +4pss (I - %716‘1) ® (M - %746‘1>
- gﬁfg (b —1) (é*l ® {I - %Lé*l} -7 [E*l ot - %E*l ® E*ID

+
N
«

_4 1- -1 1- -1 1- -1
3 (Mf §I4C ) ® (,3 {If gllc } + 27 {Mf §I4C ])

At B3+ 20 [l - 1)) (é‘l ® {M _ %74?:‘1] 1 {é‘l ot leve é*D
— 20075 (MR +1KM) : 177 + %aﬁ% (MC +CM) @ €

4 - - - 2- - - - 1- _
+ gaf% (c*l ® {MC +CM— 5/sc*l] —Ts {c*l oC*t— gc*1 ® c*l])
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Anisotropic Material Elasticity Tensor (PK2) &

4 1- - =1, = 1- - - (a1 = 1=, -
= gﬂf% (Is — 1) Kl - 511C’1> ®CT+C® (I - 5llc:*) -1 (c*1 ®C T~ §c*1 ® c*l)}
4 2 1- -, -1, A1 1- 2,
—gJs(a+5ﬁl—3}+2yﬁ4—1})KM—§/4C >®c +C ®(M—§I4C )

g, (é—l ot lete é—l)} PP (m _ %746‘1) ® (M - %74é‘l> 20t (MEIFIRM) T

_4 1- -, 1- -, 1- - 1- -,
4 3 1— =/ M- - M- -/ I— =/
+4pJ |:< 31C >®< 34C )-l—( 34C >®< 31C ):|
2 s F 2- 2 7—1 | 71 £, F 2- 2
+ gocJ 3 MC 4 CM — g/sc ®C " +C "®(MC+CM— §/5C

+2ariMErem) e + 2oyt (é*l ® {mé LMo %756*1] a0, [E*l st -lee é*l})
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Anisotropic Material Elasticity Tensor (PK2) &

4 1- - =1, = 1- - - (a1 = 1=, -
= gﬂf% (Is — 1) Kl - 511C’1> ®CT+C® (I - 5llc:*) -1 (c*1 ®C T~ §c*1 ® c*l)}
4 2 1- -, -1, A1 1- 2,
—gJs(a+5ﬁl—3}+2yﬁ4—1})KM—§/4C >®c +C ®(M—§I4C )

g, (é—l ot lete é—l)} PP (m _ %746‘1) ® (M - %74é‘l> 20t (MEIFIRM) T

_4 1- -, 1- -, 1- - 1- -,
4 3 1— =/ M- - M- -/ I— =/
+4pJ |:< 31C >®< 34C )-l—( 34C >®< 31C ):|
2 s F 2- 2 7—1 | 71 £, F 2- 2
+ gocJ 3 MC 4 CM — g/sc ®C " +C "®(MC+CM— §/5C

o o _ I S IR N
+ %af% [(ME+eM) @€+ € @ (MT+EM)] - galsfg (%c*l R+ {c*l et - %c*l 2e|
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Anisotropic Material Elasticity Tensor (PK2) &

i) Ku _ %71&—1) 9 4T (u - %m‘:-l) 1 (é—l 0t leve é‘l)}

At B3 429 [l - 1)) KM _ %746‘1> G+ <M _ %746‘1)

—Is (E*l o - %E*l ® E*lﬂ + 873 (M - %74E*I> ® (M - %746*1> —20J7 3 (MEIT+ 1K M) : [P

_4 1- -1 1- =1 1- -1 1- -1
46873 | (1= zhC M- -/,C M- -/,C 1--hC

+2art KME LMo §75<‘:—1) el ity (mé LEmo %ké‘lﬂ

+2as78 [(ME+EM) @€+ T e (ME+EM)| — okl 0T (46)
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Anisotropic Material Elasticity Tensor (Cauchy) <

The anisotropic material elasticity tensor with respect to Heei is obtained from the
operation of Eqn. 40 to the

1 _ 1 a- /oo _
HTo ==F (FHS""’FT) Fl=SJ7%F (FHS””’FT) T

+
(]
2
/N
21
|
Wl
£
——
®
/N
=
|
Wl
EI
——
«
Q
—
21
X
(+ -]
2 ~— +
(o]
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(S N
EeY
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Anisotropic Material Elasticity Tensor (Cauchy) &

= 2e0 1) |dev @) o1+ |®dev(§)_7l<ﬂsym_1|®|>]
- (a8 -3 42 1)) fdev (W) @1+ 1@ dew (§) T (177 - D101 )

+ Sydev (N) @ dev () — 2o (N2 B+ BRIN) : 7"

+j5[dev( ) ® dev (N) + dev (N) ® dev (B)]

+ %a [(dev (NB) + dev (BN)) ® ® (dev (NB) + dev (BN))]
+ 2o [(NB+BR) @1+ 15 (NB -+ BN)] — = aTI”” (47)

This expression presents a and a as expected.
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Anisotropic Material Elasticity Tensor (Cauchy) &

Alternatively, Eqn. 47 can be re-writtenin a

Haan;:_%g@_l) {E@I-{-I@E—ﬂ(pym |®I)}

;J(a+ﬁﬂ—3]+zvf4—1]){N®|+|®N (Hsy’" %I@I)}
+;J {(NB+BN)®I+I®(N§+§N)775(}15”” §|®| }+37dev( ) ® dev (N)
+ 55 [dev (B) ® dev () + dev () © dev (B)] — o (N B+ BRIN) : 17" (48)
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Anisotropic Material Elasticity Tensor (Cauchy) &
Using , Eqn. 48 finally writes
Hw = — 5 (s — 1) {E,-,—ak, 4 5By —Th (% (61661 + 6u6] + %5,-,-&,)}
34 ¥ (a+B[h—3]+2y[l—1]) {Nijdk, + 6Ny —Ta (1 (8t + dudi] + 15,75”)}

+ 34J {(N,nB,U + Biofly) 810 + 8 (NinBo + Biollnr) — ( (6161 + 6u65] + 5,,5k,)}

+4 (N,,- - %rvma,-,-) <Nk, _ %Nnnak,)

+4s [(B - génné,-,-) (Nk, - gnnn(sk,) + (N,j - %rvm(s,-,-) (Ek, _ %Bnnak,)}

- %a (NiBi + NuByy + Bucy + BaNiy) (49)
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Alternative Strain-Energy Density Function &

In their work, [Bonet and Burton, 1998] have expressed the following with the
of the constitutive model (Eqn. 32):

"The transversely isotropic component is still that of the St.Venant model and is therefore linear with
respect to the Lagrangian strain tensor. This could still cause difficulties in large strain application (...)
In addition, (...) the resulting elasticity tensor in the deformed setting is not transversely isotropic."

42
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Alternative Strain-Energy Density Function &
To overcome these two concerns, they propose to the
(I, — 3) of the strain energy function 1, with a term which is inC

Yo =[a+B10s+7 (i ~1)] (b~ 1) — 5als 1) (50)

which has been here written using the

The anisotropic S.ni is obtained from the differentiation of 1, with respect to € as
in Eqn. 11
B L o[ R
Soni = 2J -C*"4+—=—M+ —=— (MC+CM 51
at 9J 2 a/4 + Dls (MC + M) (1)
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Anisotropic PK2 Stress Tensor

Managing each differential term separately

81_% =a+BInd+2vy(s — 1)

oy

g _ ¢

os 2

8¢ 2 _5 1 2 _5 4 o _1
Yo = ot g+ (- 1)) + [5J_3w 3/4} G- 1)+ 22074

:—%%74 [a+BInJ+ (I —1)] —|—% [5—2774} (I —1)

2«
+ ==

3J

]
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Anisotropic PK2 Stress Tensor

and injecting those terms in Egn. 51

Sani =2J~ E

2%

[/ 21 1 2 - 20\ J=_
_<_3Jl4 [a+ﬁan+’704 — 1)] + j |:B— 3’7/4:| (74— 1) + 3Jl5> EC !

+8InJ+ 2y [l = 1]) M — = (ME + Em)

3

3 _<—;74 [a+ B+~ —1)] + Bﬁ — 1774] (la—1) + ;on)

+8InJ+ 2y [l = 1]) M — 5 (ME + Em)

-%6 (ls—1) €+ (a+ Bl +2y [l —1]) (M_;Y“é_l)

6 - = 2- -
——(MC+cM - ZICc!
s (weram-Jie) |

%

J

éfl
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Anisotropic Cauchy Stress Tensor &

The anisotropic o qni is obtained from the push-forward of Eqn. 55

LESFT = LIS, T
oo —TFS, FT = & ‘
ani J ani J ani

:% { %6 (I —1) FC'F 4+ (a+ BInd + 27 [l — 1]) <|—:M,—:r _ ;74|_=61I_=T>

- - 2 - ._
- % (FMCFT + FCMET — 3/5|=c1|=T) ]

2 Bﬂ@_l) Lt (ot Blnut 2y [l 1)) (n_;m) _‘;‘(nmén_;m”
5 )

:%(74—1)I—&-%(a+ﬁan+27U4—1DdeV(N)_%(dev(ﬂ)+dev(§ ) (56)
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Anisotropic Deviatoric Stress and Pressure

Egn. 56 now contributes both to the s

Sons = dev (oram) = 5 (@ + B1nJ + 2y [ls — 1]) dev (N) — 5 (dev (NB) + dev (BN))

oIl N

and to the anisotropic contribution pgp;

tr (oani) — g (74 — 1)

Pani = 3

%
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Anisotropic Material Elasticity Tensor (PK2) &

The HS«i is obtained from the differentiation of Eqn. 55

ani 85’ 8 -2 6 ~— 1- -
HSon — 2 8? =25¢ <2J E {5(74—1) c 1+(a+5an+2'yU4—lD(M—§I4C 1)

-2 (ME+EM7§756*1) D
=4 [g (ls—1) €'+ (a+BInJ+ 2y [ls —1]) (M - %74é‘l>
« - - 2- - _ 0 _2 _2 0 —_
-2 <MC+CM—§/5C 1)} ® e (473) +2 3 (-1 €7

_2 0 1- - _2 0 S 2- -
+4J 3%([a+ﬁan+2’y(74fl)] [Mffuc ID —2aJ 3%(MC+CM75/5C 1)

3
(59)
For clarity and conciseness, each terms from Eqn. 59 are derived separately hereafter (except for
terms that have already been derived in Eqn. 41 and Eqn. 44).
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Anisotropic Material Elasticity Tensor (PK2) &

oe (-1 27)
e X (- () S
=c! (6(_1) c*lJra(a/4 )M>—J (I — 1) (c oCc! -

8C7

aJ 2
-1 _s, J -2 —2 =1 . 7z—1 1, -1
=C ®(75J Ha5C Y 3M)7J 3 (la—1) (c oC -3l )

3 {c ® ( - %746‘1) (Is — 1) (C‘1 ©C - %é‘l ® E‘l)} (60)
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Anisotropic Material Elasticity Tensor (PK2) &

Ay

9
B)

C <[O¢+Ban+2fy (e —1)] {M B 574(:—1})

M—§74(_Z )@8% (a+5an+2«yf 1]> + (a+61nJ+27U4—1]> % <M—%74é*1>

(

—(M—;Lé‘l)@([? (,)IEJ)+2 (_ ))
+
(

oM 1 Oly 8C

1., a(InJ) J (00 —1).  9(0—1)J
M- -LC )@(,@ 0 5C +27_ g Mt =g 5C D

1 (Ol Ol d act oc
- (a-l—ﬁan-i—Z'yr 1]) (c ®_ 4M+ c ]+/4 pre 'ac)
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Anisotropic Material Elasticity Tensor (PK2)

l__—l 1J -1 _2 2 s J 1
— (M- ZT Sl tpoy |UtiM - S
< 34C )@(ﬁJZC ’y|:J 3J 42C :|>

1 2 J 2= 9C1

w

3 2

-2 1-- Baz-1 1--
=J 3 (M- ZLLC —-C 2y (M — - 14,C

Sl (a LBt 2y [l - 1]) (E‘l ® [M _ %74(:‘1} 1 {E‘l ot lee E‘1D

oc

A
A

<

_z (a—l—ﬁan—l—Z’y [l — 1]) (é*l ® {J’%M — fJ*%/rc*l} + I {Hsym — %é@ 6*1D

(61)
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Anisotropic Material Elasticity Tensor (PK2) &

Inserting the terms back in Eqn. 59, the anisotropic HS« finally writes

S —a {f (la—1) €'+ (a+ BlInd+2y[ls — 1]) <M - %74(':71)

-2 (Mé +em— %756*1” ® (—%J*%éfl) +27ip(J73 E (h-1)¢tect

Jr
N
<
win
L e— |
«
win
/N
=
|
|
=
(o]
L
N~
®
AN
N ™
ﬁ
Jr
N
)
rm
=
|
Wl
bl
0l
)
—_
| — o

P . e
— 20475 [J*%(M®I+I®M):]I5ymf%J I(MC+CM) @ C lng E (c ®[MC+CM7§15C 1}

7 {é—l ot leve é—lm
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Anisotropic Material Elasticity Tensor (PK2) &

2 s 21 _ =1 4 s 1, =
=-3 gﬁ(74—1)Cl®C1—§Jg(a+ﬂan+27U4—l ( — 3k >®C1
2 4 - - 2- -1 -1 _4 - -
+3J % (MC+ M- 20C @ € 4 spla—1)C c
—4 hf-1 1-- -2 =1 =-1 l-o1 =
+2730C @ (M- SLCT ) —2J 3p(la—1)(Cc oC -3¢ @c
3

_ gf% (a—|—5an—|—2'y U4—1]> (é‘1® {M— %74?:‘1] —Ta {é‘lcaé‘l %é ®C” 1D

— 20 fa (MR + 1K M) 177 + %J*éa (MC +CM) @ €

120738 (M - %746*1) @C 148U 3y (M - %746*1) ® (M _Le )

4 - - - 2- - - - 1- _
+ gfga (c*l ® {MC +CM— 5/sc*l] —Ts {c*l oc? -3¢ ' c*l])
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Anisotropic Material Elasticity Tensor (PK2) &

1- - _ _ 1- - 1- - 1o -
—28J73 KM - §/4c*1> @C'+Cc e (M - 5’4‘371)} 18y E (M — 5/L‘c*l) ® (M — 5/4c*1)

48— 1) [E*l pE - leteety lttel 2o é*l]
4 s -1 1- - 1- -, -1
—gJ sla+Blni+2y(Lh—1)| [CT'® M—§I4C + M—§I4C ®C

—I <<‘:*1 oCc ! - %é*l ® é*1>] — 2073 (MRI+1KM) : "

+dart {(ME LEM) o€+ & @ (ME+ EM) T, <<':*1 CLa é*l)}
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Anisotropic Material Elasticity Tensor (PK2) &

1- - _ _ 1- - 1- - 1o -
—28J73 KM - §/4c*1> @C'+Cc e (M - 5’4‘371)} 18y E (M — 5/L‘c*l) ® (M — 5/4c*1)

1 U P
—275B8 (I — 1) {c tott-Sttat 1]

4 s -1 1- - 1- -, -1
=3 et B2y (-1 €@ (M= JLET ) + (M- 2T ) oL

—I <<‘:*1 oCc ! - %é*l ® é*1>] — 2073 (MRI+1KM) : "

2ot {(M(’: LEM) Tt 1 E e (ME+EM) Ty <<':*1 pttilete é*l)} (62)
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Anisotropic Material Elasticity Tensor (Cauchy) <

The anisotropic with respect to Heei is obtained from the

operation of Eqn. 62 to the

B = F (FHSET) FT = 4 (FHSET) FT

! KN . ;m) D141 (N - ;mﬂ +4 (N _ im) ® (N _ ;m)

—%04—1)[2]15ym—|®|]
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Anisotropic Material Elasticity Tensor (Cauchy) &

zzg[deV( N) @1+ 1®dev(N)]| + ydev( )®dev(ﬂ)—%a(ﬂ®§+§&ﬂ);Hsym
—504—1)[2?”—!@”

—;J[a+5|nJ+27(4 1)} [I®N+N®I—74 (Hsym+;|®|>}

+ oo | (N8 BN) o141 (VB + BN) T (97 + 2101 )| 63
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Anisotropic Material Elasticity Tensor (Cauchy) &

Using , Egn. 63 finally writes

) 1- - 1- 8 - 1- - 1-
H;(‘[’”’ == |:< i — gNnn(Sij) O + 0j (Nk[ - gNnn6k1):| + j’y (Nij — gNnndij) (Nk[ - gNnn(Skl)

o™
=

1 - -
- 5o (NwBji + NuBjc + BNy + BylN) — g (Ta — 1) [6djt + Gudic — 604)
4 - - - (1 1
eV G Blnd+ 27y (la — l)} |:Nij5k[ + 6ijNit — I (E [0t + 0udj] + 55,‘,‘51«)}
4 —— - —— - - (1 2
+ 35 |:(Nianj + BinNwj) 8t + 65 (NknBnt + BioN) — Is (5 [0idjt + 0udj] + §5ij5k1>] (64)
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Anisotropic Material Elasticity Tensor (Cauchy)

Taking into account the in Metafor, the anisotropic
can be separated into its

T anj
dev

g =27 dev (W) @1+ 55 dev (N) & dev (W) — 2o (R0 B + BRIN) 197

dev
—% {a—f—ﬂan—l—Zw@—l} [ N+-N®I-1, (]Isym |®|ﬂ

oo {(N§+§N)®I+I®(NE+BN)_/5 (Hsym+§,®,)]

and its Hy

HZe _2§|®dev( )—%04—1)[2]15ym—|®|]

:2% I © dev (N) + pgni [I © 1 — 2197]
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Strain-Energy Density Function

The (general) strain-energy density function for a material writes [3]

VYreon(ln,J) = C1(Iy — 3) 4 Co(lh — 3)> + C3(T, — 3)® + kf(J) = % (1) + ¥"(J)

In this case, we will focus solely on the 1%V, hence ommiting the kf(J) term.

<&’

(67)
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PK2 and Cauchy Stress Tensors &
The deviatoric part of the Siso is obtained from the of Eqn. 67 with
respect to C
L, a"/]dev L, awdev 8¢dev J _
S =2 52X =275 [ I —c!
ac an, " Tau 2
=2J75 [Cy 4 2Co(T, — 3) +3C3(T, — 3)?] (I - ;7lél> (68)
The deviatoric part of the o is obtained from the of Eqn. 68
0% = %FSdeVFT = % [C1+2Co (I — 3) + 3C3(h, — 3)?] dev (B) (69)
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Material Elasticity Tensor (PK2) &

The deviatoric part of the M3, writes

dev
8Sdev _ _ 1- - 0 _2
Hey = 2 ac * [Cl +2Ga(h = 3) +3G5(h - 3)2} (I - 3he ) ® ac ( §)

+4s73 (l - %716*1) ® a% (cl +2GC(h —3) +3G(h - 3)2)

1o -
1473 [cl +26,(1 — 3) +3C5(h, — 3) } ;C (I - She 1)

=4 [Cl —+ 2C2(71 — 3) =+ 3C3(71 — 3)2:| <| — %716_1) (4 < — 7J_§ %C_l)
_2 1- =—1 8
+4) 3 [ 1— gllc [024] 6/ Ci1+ 2C2(/1 — 3) + 3C3(Il — 3) |

5 J __
8J (Cl +2C(h — 3) +3Cs(h — 3) ) 2C 1]

_2 — - 2 =1 8/1 6117 - 8C
_§J 3 [C1+2C2(/1—3)+3C3(/1—3)] l:c ®(8I1|+ 8J2C >+/1 aC :l
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Material Elasticity Tensor (PK2) e

1- -
- —J $ [clJrzcz(/l 3) +3G(1 — 3)2} (I She

,_
~
(29
2]

L
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Material Elasticity Tensor (Cauchy) &
The deviatoric part of the isotropic material elasticity tensor with respect to Hg,, is
obtained from the operation of Eqn. 70 to the

g = F (FESF) F7 = S0 3 (PSP P

4 _ — _ - 1
:—5[c1+2c2(/1—3)+3C3(/1—3)2} (I®B+B®I—ll [Hsym+3|®|]>
4 - - 1= - 1=
—[2¢, +6C5(1 —3)] (B — =Tl B— -/l
+J[ 2+ 6C3(1 )}( 31>®( 3h

4 _ — _ - 1
=-3; [C1+2C(h —3)+3C(h—3)°] (1®eB+B®I-1 []Isym+3|®|]>

+ 51262 + 6C5(T, — 3)] dev (B) @ dev (B) (72)

This expression presents a anda as expected.
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