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Helmholtz Free Energy for the HGO Model &
For the HGO model, the per unit reference volume writes
W(71a747~/) = Wi50(717J) + Wani(71774)7 (l)
with an Wis, from generalised Neo-Hookean model (METAFOR)
_ _ G - k
Wiso(I1,J) = C1(lh —3) + W(J) = E(’l —3)+ ?" (= 1) +In%J], (2)
and an Wo,ni with n families of fibers which writes [1]
~ T _ kl ! k2<Ea>2 _ kl ’ ko <d(71—3)+(l—3d)(7a—1)>2
Wani(l1,1a) = %, azz:l {e - 1] = 21(20; [e 4 - 1] , (3

with 13 = (Fa®) - (Fa®) and a® = [aax, Tays 0ol
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Helmholtz Free Energy for the HGO Model (ct) &
d € [0; 1] is a parameter accounting for , with d = 0 corresponding to
fibers whilstd = % corresponds to fibers. In the

literature, it is more commonly assumed that the fibers are aligned (d = 0).

Due to the Macaulay brackets (...), the anisotropic contribution only affects the
of the material as W,,; = 0if E, = 0.

Eo ifE, >0
Eo) = 4
(Ea) {o ifE, <0 “

This means that the of the
material, as £, # 0implies /3 > 1whend = 0.



HGO Model - Stress-Strain Curve
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Predicted stress-strain response for the HGO
model [1]
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Isotropic PK2 Stress Tensor

From the isotropic free energy Wi, the isotropic Siso Writes
_2 awiso 8Wiso J-1
Siso = 2J7 3 — | + -C .
0 [ ol dJ 2

From Eqn. (2), we have

0 Wiso 0 Wiso
— =C d
ol Land =5

2 _5 k() koan
=—=C1J 3l 2—(J—-1 2——.
34 3+ 2( )+ >

J__
’c 1]
2

Injecting into Eqn. (5) and using I, = J_gll,

_2 2 _5 ko koan
Siso = 2J Gl —=C1J7 31 2—|J—1 2——
iso 3[ 1 +< 3 1 3h+ 2[ ]+ 2 J>

2 - 1__
= 2J_% |:Cﬂ + <_3C1/1 + koJ[J — l] + koll’lJ) EC l:|
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Isotropic Cauchy Stress Tensor &
The isotropic T jso is computed from S, as
Ojso = ;FsisoFT (8)

wIN

Injecting Eqn. (7) and using B = FF' = J 3Band C = F'F = J~3Cyields

1

2 2
Tiso = jJ—%chlFT + <—3C111 +koJ[J — 1] + koan> jJ_%FC

2

2 2 1073
= B (2G4 koJ[J — 1] + kolnd ) = F(FTF)~1FT
J 3 =




Isotropic Cauchy Stress Tensor ()

Ci = 2 - 1
=2—B ——=C4l koJ[J — 1 kolnd | =1
7 +< 311+o[ |+ 0n>J

Ci (= 1- InJ
=22 (B—ZTl) +ko ([J—1]+— ) I
J< 31>+ o<[J ]+J>

= 2% (B — ;u(ﬁ)l) + ko <[J - 1]+ lnj) I

= Z%dev(ﬁ) + ko ([J — 1]+ lnj) |

From Eqn. (9), we can express the isotropic s contribution

s = dev(ojso) = Z%dev(ﬁ) = %dev(E)

&
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Isotropic Cauchy Stress Tensor () &
and p
_ tr(oiso) B nJ
p=—73 =k [(J 1)+ J] (11)

Note that in the literature, the pressure term is in most cases
p= kO(J - 1)7 (12)

due to the use of W(J) = 1‘2—°(J — 1)? for the HGO model (AMETAFOR). Therefore, it may be necessary

to adapt the value of the bulk modulus ko from the literature.



Anisotropic PK2 Stress Tensor

From the anisotropic free energy W, the anisotropic

0 Wanl 8Wanl J - —1
| —C
an " aJ 2

Soni = 2J_7

From Eqn. (3) and using M® = a®* ® a“, we have

aWan/
aJ

- 2k szz— < E, > eke<Ea>?
2

67

2

2, s 2 _s
= klz [—de i — 5(1 —3d)J7 3l

4

Sani Writes

} < E, > efe<Ea>’

<&’

(13)



Anisotropic PK2 Stress Tensor ()

OWgni J kq 2, 2 2 -2 ky<Eo>?
— —ZdJ75— Z(1—3d)J 3¢ | < E, > elo<Ea>
o) 2 2 3dY 7 h =5 W7l < Ea

l T -—
= —gkl Z [d Il + (l — 3d)/2‘] < Ea > ek2<Ea>2

«

Wanl ky <E ky <Eq>2
= 2k X < E, > el<Ea>’ g d < E, > e2<Fe>
8/1 zkzz 2 12 o

oIy

aWam ky<E ky<Eo>2
= 2k E, > efe<Ea>" _ i 1—3d) < E, > ee<ta>
2k2Z za,a< 1) (1-3d) <Ea

<&’



Anisotropic PK2 Stress Tensor () &
Injecting into Eqn. (13) yields

Sani = 2J 3Ky Z [dl — % (dh+(1—3d)ig) CH+ (1~ 3d)M°‘] < Eq > elo<Ba>" (18)

«

It is often assumed that , resulting in no fiber dispersion factor d = 0.
Egn. (18) is then reduced to

1_ - - T
Sani =205k Y [_3/2% o+ M“] <Tg—1>eelizt> (19)

«

which is the most commonly encoutered form of the HGO model in the literature.
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Anisotropic Cauchy Stress Tensor &
The anisotropic o ani is computed from Sj5, as
1 T
Oani = —FSaniF". (20)
J

Injecting Eqn. (18) and using N® = FM®F” = J~3N® yields

k 1, ]
O ani = 2J—%71 > [dB =3 (@7 + (1 - 30)15) i+ (1— 3d)Na} < Eq > glo<Ea>’
i

k]_ = l - —o = k o 2
:2JZ[dB—3(dl1+(1—3d)/4)l+(1—3d)N } < E, > ele<fa>

«
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Anisotropic Cauchy Stress Tensor ()

ky = 1 o 1o, ky<Ea>?
_sza: [d(B—3lll> + (1 -3d) (N —3/4|>] < E > e

- 2% Z [ddev(B) + (1 - 3d)deV(Na)] < Ea > ek2<EQ>2
Eqgn. (21) can also be particularised in the case fibers are (d =0)

T 2
Ooni = 2 Zdev ) <T¢ —1> ele<li—1>

The anisotropic Cauchy stress tensor only s.

<&’

(22)
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Anisotropic Elasticity Tensor for Cauchy Stresses &

The anisotropic part of H9" from Gasser and Holzapfel [2] is expressed for
K

e Okani _ ki o lo<Tg—1>2 (qarr 1 Sa = o
O™ —2%:%4%:[3</4—1>e2 4 LI+J1el-Nel-1eN
+ky (l + 2k, (Ig — 1>2> o<l -1>"doy(N*) ® dev(Na)] , (23)

The elasticity tensor for is obtained as

Hani,cr — %Hani,n' (24)

13



Anisotropic Elasticity Tensor for Cauchy Stresses ()

A\ Eqn. (23) is only valid for d = 0!
Using , parts of Eqn. (23) now write

1 1 1
T+ 311 = 2 (0wdj + dudje) + 300k

N @1 = R
1o N = 6N,
1_,
deV( )® deV( ) <N — 3qu5,j> <Nk[ 3qu5k1)

A A
"

14



Anisotropic Elasticity Tensor for Cauchy Stresses ()

To further simplify the notation, Y!, and ¢ are also introduced

vl = b Iy — 1) @17

U=k (14 2k (I = 1)7) o2

Injecting Eqn. (24), the writes in
i 4 1 -1 1 _ _
HZZ[’J =5 Z |:31/}; (/2‘[2(5,'/(5]'1 + 0i0jk) + 5(5,7(5;4] - N?&k, - 5,‘jN?,>
(03
m(RORE — SR RO 5, — SR NG+ = (NC )20
a0 | NjNig — 5NggNj; 0k — 5 Ngqdy kl+§( qq) 00k

15



Anisotropic Elasticity Tensor for Cauchy Stresses () &

Arranging the terms accordingly

o 4 Z
Hfjjlr:l, :j [ wal4 lk(sjl + %/4 ,[(511( +3 (wa/“ + 1/} ( ) ) 5’75’([
NN 1 / " N 1 / " N
NNk — 3 (Vo + YaNgg) Niidk — 5 (V4 + vaNgq) o5Ni (82)

and further simplifying the notation

ani,a _ 4

o JZ [A1 Gy + A Sudj + Az S0 + NG N + As Ni o + AsoyNi ] (33)

«

. 1 ,- 1 - _ 1
with A; = gw;/g - § (@D;/g‘ + @Z}g(NS{q)z) Az = _g (17[):)4 + @ngqu)
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Pk2 Anisotropic Elasticity Tensor ford = 0 &
The contribution to the for HS writes
OSani O*Wopi
HS o 2 ani — 4 ani 34
ant oC 0CoC 34)
Ifd = 0, the contribution from writes
Sani = 2075k Y [—;7‘%6‘1 + MO‘] <Tg — 1> i1 173 N dev (M)
(35)
Therefore,
0 ([ _2 _2 , 0 _2 !
S _ « / v /Y e’ [’ o
H,; _42 [dev(M ), @ 5C (J 3) +J 3¢;aac (dev(M?)) + J 3dev (M) ® 3C }

«

(36)
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Pk2 Anisotropic Elasticity Tensor for d = 0 () &
0 N OM* 19 (-1
Sc (dev(M) = S — 227 (e ) (37)
PR ) P g J __ are - _ac!
= (o) ®W§C +C ®6?M +17 ac]
_ 1 _‘—l 1 _%—a 1 =1 _% o 8(:_1 @
=3¢ ®<—3J /4>c +CT T RITIMY 4T e ac]

1 _2=-1 1 =—1 - 86_1 1 1
=——1J73C MY — Z[9C — ([P - ZC®C
e < 3 > tlaToE 30 %

- 1
= 2 |ct @ dev(M®) - UiTg (c—l o3¢ C‘l)} (38)



Pk2 Anisotropic Elasticity Tensor for d = 0 ()

oy, oY, oYl J av,b’

— 6] I - C— [} Ma
ac —on Tara- o
/ /
— awa C + a¢a M&

oJ 2 oly
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Pk2 Anisotropic Elasticity Tensor for d = 0 ()

/ —
Wt = 0 (k1) eelE))
J 2 - o 2 2 - _ o 2
= = |=Su ek S o, Ty — 1) ek (D)
2| 3 3
1-
E 30)—51?1/12

Oy, _ Oy, ko (T —1
T (e i = 1)e )

— ke g ik (o —1)? ek2<7?*1>2(Eq':30)J_§¢g

%

(43)

(45)

(46)
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Pk2 Anisotropic Elasticity Tensor for d = 0 () &

<

1 1
an/ = 42 { wdev (M%) <—3J_§> c - gJ_%w& |:C_1 ® dev (M%)
1 ,-
S (c oc- C’l ®cl>} +J73dev(M?) ® {wgﬁw - 31&5/5&1} }
—aY Sl et = Ty (S ) €l e e - Syl ic o Me
- 3 (67 3 a 3 4 3 a
1 1- . 1, 1
- g@b;f% <—3/2“> cloct+ gw;/z“ <C1 ®C - §C’1 ® c1>

+" 3 dev (M) ® [MO‘ %/4c 1]} (47)
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Pk2 Anisotropic Elasticity Tensor for d = 0 () &

1 _2 _ 1 1- 1
am = 42 {_37#@‘/ gMa ®Ct— g?ﬁ; <—3/40f> Cloct- gwloéJ_%C_l QR M%
(0%
1 - 1
- ﬂ/}a (—/4) clect+ Uk (cl oCl-scte C1>
+" I 3dev (M) @ dev (Ma)}
1 - 1

=4) {3% {/2‘ (Cl OCt+iCty c1> M gCc Uit MO‘]

(0%

" S~ 3dev (M*) @ dev (M*) } (48)

22
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Cauchy Anisotropic Elasticity Tensor ford = 0 &
The contribution to the for H,,; is obtained with
a operation of H3, . to the

g = %F(FHSG"’FT)FT (49)
Using Eqn 48, HY ; finally writes

o 4 1 T 1 oo SO oo e
HS . = Jza:{3% [/4 (Hsym+3|®|> —N*®@1—1®N"| + ¢ dev (N*) @ dev (N )},
(50)

which presents a and and is the same expression found by Gasser

and Holzapfel [2] in Eqn. 23.

23



Pk2 Anisotropic Elasticity Tensor for d # 0

Ifd # 0, the contribution from writes

Sani = 2J 5k > [dl - % (dh+(1—3d)Ig) C 4+ (1~ 3d)MO‘] < E, > elo<Ea>’

[0}

1- -
:2I§§:{d<h—ym:v%{l—3®daNM%}<Ea>JK%y

o

Let us introduce the following stress function
U = ki < Eq > efe<Eo>?,

such that

&m—ZfFE:w { (-/1 )441—3mdm4M%}

24
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Pk2 Anisotropic Elasticity Tensor for d # 0 () &

Therefore,

Hyp = 4(1—3d) ) [dev(MO‘) Y ® 88C ( ) + J—ﬁ%aa (dev (M%)

«

I a<:|ev(M0“)®é ]+4d2[<—’1 )w ®*( 2)

2 (1 ) e (1= B ) o 2] 59

25



Pk2 Anisotropic Elasticity Tensor for d # 0 () &

i) Lo\ _al 19 o

ac <' —3h¢ > =5~ 3¢ (1) (56)
o e I gr Oy g 0T
_ e (LN, a1 2y, 7 0C 0 OC
= |C ®< 5/ /l>c +Ch @S ‘ac]
_ _E -1 . }— ¢\ _ 3 —1 -1 E -1 -1
=3 [C & <I 3/1C ) J3lh <C oC 3C ®C )}

(57)
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Pk2 Anisotropic Elasticity Tensor for d # 0 ()

IMpe, _ OV O d oy | OV e
ac ~an ' T oy PR a/f;M

To simplify the notation, another isintroduced

wg =k (l + 2k, < E, >2) ek2<E“>2,

Egn 58 then writes

oc

/
Ove _ du=s"1 — %W; [dly + (1 — 3d)T3] €1 + (1 — 3d)J 59/ M®

(60)

27



<&’

Pk2 Anisotropic Elasticity Tensor for d # 0 () &

After further arranging the terms and using £/, = dl; + (1 — 3d)/¢, HS . finally writes

ani
1 1 ) )
s / / —1 -1 —1 -1 -2 “1_ q4-2¢c-1
Ham—4za:{3wa[5a(c oC I ec )—dJ l®C dJ ic i@l
—(1-3d)JiM*®C 1 - (1-3d)JiC @ MO‘] + (1 = 3d)2"J 3 dev (M) ® dev (M%)
2,0 —4 1- 21 1.2 "o—4 1- - o
+ Py (1= 508 @ (1= R ) + (1 =3d)dls 3 (1= ST ) @ dev(M?)

~—1

+(1 = 3d)dy! U5 dev (M*) & (I - éhc ) } (61)

Note that for d = 0, Eqn 48 is recovered.
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Cauchy Anisotropic Elasticity Tensor for d # 0 &
The contribution to the for H,,; is obtained with
a operation of H3, . to the
HS,; = %F(FHS"”"FT)FT (62)
Using Eqn 61, HY . finally writes
g 4 / !/ sym 1 R R N & N &
HC,,,,.:JZ{% {EQ <11y +3|®|> —d(l®B+B®I1)—(1-3d) (1o N" +N ®|)}

«

+ (1 — 3d)*y) dev (N*) @ dev (N*) + d*v, dev (B) ® dev (B)

+d(1 — 3d)y;, dev (B) @ dev (N*) +d(1 — 3d)y;, dev (N*) @ dev (B) } (63)
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Metafor Implementation and Tests U

Tension of an arterial tissue (2 fiber families at 70° cross-orientation) in 3D from Sarah
Hault’s Master Thesis [3] (original test from Peyraut et. al. [4])

Initial configuration Final configuration (300% stretch)

Bi Results and convergence are similar whether a numerical, semi-numerical or analytical stiffness matrix is

used in Metafor. This has also been tested using a 2D/3D mono-elements.

30



Metafor Implementation and Tests ()

oy

L,
0 1.125

Green—chrong% 5s’rrc1in tensor XX

3.375

4.5
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Metafor Implementation and Tests ()

Measure of the mean Green-Lagrange strain value at the center of the piece:

= =4
L __prGL
.i:) = Eyy
o > 3f—EX
g =
g 3
e &
g =1
. -
5 )
3 <
= ] = 0F
g — 5 —
= ‘ ‘ ‘ = ‘ ‘
© 100 150 200 250 300 o 0 1 2 3 4
Stretch in z direction [%] ECL []

Green-Lagrange strain measures from Metafor (Cauchy HGO material)
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Metafor Implementation and Tests ()

(Useful reminders)
Interpretation of the value:

E®L >0 — Elongation
E°L < 0 — Contraction
In , the writes

o _ 1P—1
2 B

whichis a A\

<&’
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Metafor Implementation and Tests () v

Comparison of the mean Green-Lagrange strain value at the center of the piece:

4 : :
51 — =S.Hault 2024 (UserMat)
-0.1 ]
0202
= >
OS
.03
0.4
0.5 : : . ! -1 . . . |
1 2 3 4 5 0 1 2 3 4 5
GL GL
E.mr '] EJ?,’I? H

Comparison with S.Hault’s results [3] in Metafor (Python user material)



Metafor Implementation and Tests ()

Deformation profile:

880 1040

1200
i

Green-Lagrange strain tensor XX
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Metafor Implementation and Tests () K0
Deformation profile:

0 400 560 720 880 1040 1200
Jimm]

t=0s

t=1.6s
t=3.2s
t=4.8s
t=6.4s

t=8s
L=
Green—Logron%)e strain tensor ZZ
-0.5 0 .5 2.5 3.5

5 .
L . ——
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